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PliEFAOE. 


The Council of tlic Institute of Actitaimer^ while 
recoiniizing the skill with which the lirst Text-Book, 
Part I., on Interest, had hoeu wi’ittou, Celt that in some 
ways it might he made iuore suitable for tho students 
for whom it was intended. When, therefore, a now 
edition was needed, they laid the matter before 
Mr. Toohuntei;, requesting him to considor.it from this 
point of view, giving him full liberty to net as he might 
think best. He found it desirable to re-write the volume, 
and has accordingly done so. 

It is h()])ed that the following pages, including in 
due proijortiuii theoretical explanation and practical 
example, will prove increasingly useCnl to all whose duty 
or pleasure it may bo to apply themselves to this 
imporlant sid)ject, n.nd thnt Mr. 'J'oimux tee's ability and 
care will earn tho gratitude which they surely merit. 


24 June 1901 . 


C, D. H. 




INTRODUCTION BY THE AUTHOR 


Tn l1i3 preparation of a New Edition of the Text-Book, 
Part I., it has been found necessary to re-write the 
work. The general Theory of Compound Interest has 
been presented in a form which will, it is hoped, afford 
a comprehensive view of the subject, and special 
attention has been given to the applications of the 
Theory to practical financial problems. For the 
convenience of those students who have no previous 
knowledge of the methods of the Infinitesimal Calculus, 
a chapter on the elements of this subject has been 
included. 

In the compilation of the volume assistance has been 
derived from numerous papers and notes in the Journal, 
and from various treatises on Compound Interest — more 
especially from Mr. Georoe King^s Theory of Finance, 
to which no subsequent writer could fail to be greatly 
indebted — but, in accordance with precedent, references 
to authorities have not been given. 

The author takes this opportunity of acknowledging 
his indebtedness to the Council of the Institute for the 
critical examination which they have given to the work 
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during its progress, while according him entire liberty 
in the treatment of the subject. He also offers his best 
thanks to Mr. J. B. Faulks, B.A., for many valuable 
suggestions, and to Mr. A. Levine, M.A., for assistance 
in the revision of the earlier proof-sheets of the two 
concluding chapters and other parts of the work. 

R. ^r. 

London, 12 June 1901. 


The necessity for another edition having arisen, the book 
has been revised by the author in consultation with 
Mr. W. Palin Elderton and Mr. H. M. Trounceb, M.A., 
to whom the author is much indebted. 


R. T. 


London, Juh/ 1915, 
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PART L 

THE THEORY OF COMPOUND INTEREST AND 
ANNUITIES-CERTAIN. 

CHAPTEE I. 

DErmTioirs and Elementary Propositions. 

1. Interest may be deHned as the consideration for the use of 
capital, or as that which is earned by the productive investment of 
capital. In theory, it is not necessary that the invested capital and the 
consideration for the use of it should be expressed in terms of one or 
the same commodity, but in practice it is usual and convenient to 
express both in terms of some one unit; in the investigations that follow, 
it will be assumed that both are expressed in terms of a unit of money, 
without specification of the particular currency to which that unit 
belongs. 

2. The invested capital is called the Principal. The consideration 
for the use of capital usually becomes due at stated intervals, and^ being 
itself of the same nature as capital, may be employed, when received, as 
capital. In the Theory of Compound Interest, it is assumed that the 
consideration will not be allowed to remain idle, but will immediately be 
productively invested. 


B 
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3. The total interest earned on a given principal in a given time 'will 
obviously depend on (1) the given principal, (2) the interest contracted 
to be paid for each stated interval in respect of each unit of principal, 
(3) the given time. The second of these quantities is, in the strictest 
sense, the Rate of Interest, and in some investigations it will be 
found convenient to take this quantity — the interest contracted to be 
paid in respect of each unit of principal for each stated interval — and 
the number of such intervals in the given time as data. The 
expression ‘‘ the rate of interest ” is, however, more generally used 
with reference to a year^ the accepted unit of time in the Theory of 
Finance, and it is so used to denote: — 

(1) the rate per unit fer annum at which interest is calculated 

for each stated interval for which interest is contracted to be 
paid, or, in other words, the interest that would be earned 
on each unit of principal in a year if the interest received at 
the end of each stated interval were not itself productively 
invested ; 

(2) the total interest earned on each unit of principal in a year 

on the assumption that the actual interest as received at the 
end of each stated interval is invested on the same terms as 
the original principal. 

4 . It is obvious that, except in the case when the stated interval for 
which interest is to be paid is a year, these two senses in which the 
expression “the rate of interest” is employed represent two different 
things. To take a simple example, let it be supposed that a principal of 
100 is invested in consideration of the payment of 2^ at the end of each 
half-year. In this case the rate per unit 'per annum at which interest is 
calculated, or the interest that would be earned in a year on each unit of 
principal if the interest received at the end of the first half-year were 
not productively invested, is '05, whereas the total interest earned on each 
unit of principal in a year on the assumption that the 2| received at the 
end of the first half-year is invested on the same terms as the original 
principal in consideration of the payment of 2| per-cent on the 
2|, or *0625, at the end of each half-year) is *050625. It is convenient, 
therefore, to distinguish between the two senses in which the expression 
“ rate of interest” is employed by the use of distinct expressions and 
distinct symbols. 

^5. The rate per unit per annum at which the actual interest for each 
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/stated interval is calculated when that interval differs from a year, or, in 
other words, the interest that would be earned on each unit of principal 
in a year if the interest as received were not productively invested, is 
called the Nominal Kate of Interest, and will be distinguished by 
the symbol y. The frequency with whieli interest is actually payable, or 
the stated interval of payment, is defined by the expressions “ jiayable 
half-yearly, quarterly, or m times a year ” (as the case may be), 
“ convertible half-yearly, quarterly, monthh', &c.”, or “ with half- 
yearly, quarterly, monthly, <fec., rests.” Thus, when interest is 
.said to be at the nominal rate of 5 per-cent per annum payable 
(or convertible) half-yearly, or at the nominal rate of 5 per-cent 
per annum with half-yearly rests, it is meant that 2^ is to be paid at 
the end of each half year for each 100 owing at the beginning of the 
half year. The frequency of conversion of a given nominal rate ma}’' be 
denoted by means of a suffix placed in brackets at the lower right-hand 
corner of the symbol re25resenting the rate. Thus denotes a nominal 
ratey convertible m times a year. 

6. The total interest earned on 1 in a year, on the assumption that 
the actual interest (if receivable otherwise than yearly) is immediately 
invested as it becomes due, on the same terms as the original principal, is 
called the Effectite Kate of Interest, and will be distinguished by 
the symbol i, 

7. To every nominal rate of interest, convertible with a given 
frequency, there is a corresponding effective rate, for the total interest 
•earned on each unit of principal in a year — in other words, the effective 
rate of interest — may be found by accumulating a unit, on the assumption 
of compound interest, at the given nominal rate. Thus, if the nominal 
rate be y, convertible m times a 3 "ear, an original unit of principal, 

together with the interest upon it at the end of the first ~ th of a year, 

j . / . . 

will amount to 1+ — • By assumption the — is immediately invested 

m m '' 


on the same terms as the original unit of principal, so that the interest 

due at the end of the second ith of a year will be — fl-j- — V* hence 

m m \ mj 

the original unit with interest will amount to 1 -f — + — i^l 4- ^ ) or 

m m V mJ 

+ . Similarlv, in each — th of a year the amount of the original 

\ mJ • m ° 
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unit with interest at the beginning of the interval will he increased in 
j 

the ratio of 1+ — to 1. Consequently, at the end of a year, the unit of 
principal with interest will amount to • The total interest 


earned on each unit of principal in the year is, therefore, 




V nij 

In symbols. 






■ ■ (1) 

whenco 

y=OT|(H-l)“— 1| 

• . (2) 

and 

m log ^1 + ^ =log (1 + 1 ) . . 

. . (3) 


8 . From these equations the eifective rate of interest corresponding- 
to a given nominal rate convertible with a given frequency, or, 
conversely, the nominal rate convertible with any required frequency 
corresponding to a given effective rate, may be calculated, 

9. It will be observed that if tivo of the three quantities y, m and f 
are given, the equation gives a single value for the third quantity; that 
is to say, to a given nominal rate convertible with a given frequency 
there is one, and only one, corresponding effective rate ; to a given 
effective rate, there is one, and only one, corresponding nominal rate- 
convertible with a given frequency; and, finally, there is one, and only 
one, frequency for which a given nominal rate and a given effective rate 
will correspond. 

10. But if only one of the three quantities is given, any number of 
corresponding values may be found for either of the remaining two by 
assigning successive values to the other. 

Thus, if j be given, any number of corresponding values of i may be 
found by giving successive values to m. As m increases from 1 to oo , 

the value of Tl-f— ^ —1 increases from j to e^—1. Hence the 
\ mJ 

effective, rate corresponding to a given nominal rate increases as the 
frequency of conversion of the latter is increased. For example, a 
nominal rate of 5 per-cent per annum convertible quarterly gives a 
higher effective rate than the same nominal rate convertible half-yearly. 
Again, if i be given, any number of corresponding values of j may be 
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found by giving successive values to m. As m increases from 1 to oo , 

the value of w | j- decreases from i to loge(l + *). Hence 

the nominal rate corresponding to a given effective rate decreases as the 
frequency of conversion is increased. For example, the nominal rate 
convertible half-yearly corresponding to an effective rate of 5 per-cent 
exceeds the nominal rate convertible quarterly corresponding to the same 
effective rate. It will be noticed, however, that the nominal rate 
corresponding to the effective rate i does not decrease indefinitely as 
m is increased, but gradually approaches the value log^ this being 

the limiting value of w j when m is made infinitely large. 

This limiting value is called the Force of Interest corresponding to 
the effective rate e, and is distinguished by the special symbol 8. 

11. The force of interest corresponding to a given effective rate i may 
therefore be defined as the nominal rate convertible at infinitely short 
intervals corresponding to that effective rate. 

12. From the foregoing it will be seen that the basis upon which 
interest is to be calculated in any given case may be defined by means of 
an effective rate of inter est^ i; a nominal rate of inter est,j, convertible 
with a given frequency^ m\ or, finally, 2 ^ force of interest^ 8; and that 
when any one of these three quantities is given the corresponding values 
of the other two may be determined by the equations 

l + i=(\+^-Y (4) 

V mj 

13. To proceed to the general theory of the accumulation of principal 
under the operation of compound interest. 

Let P be a given principal, S the sum to which it will amount if 
accumulated at compound interest for n years, and I the total interest 
■earned on P in the given period. Let i be the effective rate of interest 
at which the given principal is to be accumulated, j the corresponding 
nominal rate of interest convertible on times a year, and 8 the 
corresponding force of interest. Then by reasoning precisely similar to 
that by which it was shown that a unit accumulated for a year at 
compound interest at the nominal rate j convertible m times a year will 

amount to /"n- — , it follows that 
V mJ 

S=P(1 + 0’‘=P^H-^)’"" = P«"* .... (5.) 
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This system of equations affords the means of calculating the amount, 
in a given number of years, of a given principal at any given rate 
of interest — effective or nominal — provided only that rate continues 
uniformly in operation throughout the entire period. The appropriate 
formula to employ in any given case will be 


Z' S=P(l + 0^ 



or S = 

according as the given rate is an effective rate, a nominal rate, or a 
force of interest. It would, of course, be practicable to obtain the 
amount of a given principal at a given nominal rate or force of interest, 
by first finding the effective rate corresponding to the given rate, and 
then employing the formula S=P(1 + ^)^, but in general it will be 
found more convenient to use the directly appropriate formula. 

14. It should be noted that tables giving the amount of 1 in any 
number of years (within the limits of the tables), at various effective 
rates of interest, may often be employed for the purpose of calculating 
the amount of a given principal at a given nominal rate. For example, 
let it be required to find the amount of 100 in 20 years at 6 per-cent 
convertible half-yearly. By the appropriate formula the amount 
=100(1'03)^^, which also represents the amount of 100 in 40 years 
at 3 per-cent effective. Hence the required result will be obtained by 
taking 100 times the tabulated value of the amount of 1 in 40 years 
at 3 per-cent per annum. In fact, a table of amounts may be regarded 
more generally as a table of and used for any purpose for 

which the value of this function is required. 

16. In the derivation of formula (5), it has been implicitly assumed 
that n is integral. In order to extend the formula to cases in which n 
is not an integer, it is necessary to adopt some convention as to the 
interest to be assumed for a fractional part of a year. When the given 
rate is an effective rate, or when it is a nominal rate and the fractional 
part of a year does not contain an integral number of the intervals of 
conversion, it is permissible to adopt any convention that may appear 
suitable, for the stated conditions do not prescribe any rule. When, 
however, the given rate is a nominal rate — say, j convertible m times- 
a year — and the given period of accumulation contains an exact number 
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of the intervals of conversion, being, saj, “ years, a given principal 

P will amount to , and this quantity, by algebraical 

L 

substitution, =P(l-f where ^ is the effective rate corre- 
sponding toy. It appears, therefore, in this case, that the interest on 1 

t L 

at the effective rate i for ~ of a year is 1. This result 

m 

suggests the usual and convenient assumption that the interest on 1 for 
any fractional part, say of a year at the effective rate e, may be taken as 

1, and the adoption of this convention leads to the 
generalization that 

S=P(l + «)” = P(^l+^)’”” = Pe«s 

for all values of integral or fractional. Similarly, the total interest 
earned on P will be given, in all cases, by the formula 

I = S-P=P[(l + *)«-l] = P =P[c’'5-l]. 

16. The foregoing articles deal with the accumulation of 
principal under the operation of compound interest. It is now 
necessary to consider the converse process of discounting. The general 
theory of compound discount may be developed on precisely the same 
lines as the theory of compound interest. 

17. Discount may be defined as the consideration for the immediate 
payment of a sum due at a future date, and the total discount to be 
allowed for the present payment of a given sum due may be determined 
by reference to an effective rate of discount per annum, a nominal rate 
of discount per annum convertible with a given frequency, or a 
force of discount, the last-mentioned quantity being, in other words, a 
nominal rate of discount convertible at infinitely short intervals. 

18. The sum due, less the total discount upon it, is called its 
PRESENT Value. 

19. As there is an effective rate of interest corresponding to any 
given nQn^inal rate of interest, so also there is an effective rate of 
discount corresponding to a given nominal rate of discount. For, if 
the nominal rate of discount be/* per annum convertible m times a 
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year, tte present value of 1 due — th of a year hence, will be 

m 

1— — . Similarlv, for each interval of conversion the sum due will be 
m 

f 

decreased in the ratio of 1 to 1— — . The present value of 1 due a 

m 

/ f\^ 

year hence will, therefore, he f 1— ) . Hence the total discount 
on 1 for the year, or, in other words, the effective rate of discount 


corresponding to the nominal rate /*, will he 1-^1- 
effective rate of discount he represented hy 

--(-S’. ” — (-0*. 

whence • /*= w|l — (1 — ...... 


V mj 


20. From these relations the effective rate of discount corresponding 
to a given nominal rate, or, conversely, the nominal rate convertible 
vith any required frequency corresponding to a given effective rate, 
may be calculated just as in the case of the similar relations between 
the corresponding effective and nominal rates of interest. 

As the frequency of conversion is increased, the nominal rate 
corresponding to a given effective rate increases. In the limiting case, 
when m is made infinitely large, f becomes, by definition, the force 
of discount corresponding to the effective rate d. Let this limiting 
value of f be denoted by S'. Then 

S'=Limit’"“”^i|l — (1— = — loge(l— . . (7) 


21 . To proceed to the general problem of finding the present value 
of a sum due n years hence. 

Let S' be the sum due, P' its present value, and D the total discount 
on S'* Let d be the effective rate at which the given sum due is to 
be discounted, f the corresponding nominal rate of discount convertible 
m times a year, and 8' the corresponding force of discount. Then, 
by reasoning precisely similar to that by which it was shown that 
the present value of 1 due a year hence at the nominal rate f is 



it follows that 
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/ f\mn 

p'=SXl-^?)"=S'ri-^j ... (8) 

whence D = S' [1 - (1 - i) »] = S' j^l - (^1 - £ J"”J = S' (1 - e-»«') . 

22. These formulas may be extended, in precisely the same way as 
the corresponding compound interest formulas, to cases in which n is not 

integral. The discount on 1 for ~th of a year may be taken as 
1 

1 — (1 — c/)p, and the formulas will then hold good for all values of n, 
integral or fractional. 

23. So far, the operations of accumulating and discounting have been 
considered separately, and two independent systems of equations have been 
established. It is obvious, however, tbat the two processes, although 
admitting of independent theoretical development, will not be independent 
in practice, for the operation of discounting, from the point of view of 
the investor, differs in no essential respect from that of investing capital 
to accumulate at compound interest. It becomes important, therefore, 
to investigate the relations between the rates of interest and discount, 
and between the general formulas of compound interest and compound 
discount in the case when the rate of discount is such that the present 
value of a sum due n years hence is that sum which will amount in 
n years, under the operation of compound interest, to the given sum due. 
Under these conditions, if S be the amount of P in n years at the 
effective rate of interest ^, or at the corresponding nominal rate of 
interest j convertible m times a year, or at the corresponding force of 
interest 8, then will P be the present value of S at the effective rate of 
discount d, or at the corresponding nominal rate of discount y* convertible 
m times a year, or at the corresponding force of discount 8'. But by 
formula (5) 

S=P(1 + 0" = I'(H-M =:PeW« 
and by formula (8), if S and P be substituted for S' and P' 

/ f\mn 

P=S(1-C^)« ® 

Therefore 

( 1 + 0 = (>+ 


. ( 9 ) 
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The assumption by which these results have been obtained — the 
assumption, namely, that the present value of a given sum due will, if 
accumulated at compound interest, amount to that sum — is implicitly 
made in all compound interest problems. In any given investigation, 
therefoi’e, where a single uniform rate of interest is employed, 
formulas (9) will hold good. 

24. Instead of being independently developed, the theoty of 
compound discount may be regarded as a necessary deduction from that 
of compound interest. From this point of view, the present value, at 
a given effective rate of interest, of a given sum due, is defined to be 
that sum which, if accumulated at the given rate of interest, will 
amount to the given sum; and the effective rate of discount corre- 
sponding to a given effective rate of interest is defined to be the 
difference between a unit and the present value, at the given rate of 
interest, of a unit due a year hence. From these definitions, since 1 is 


the present value of I + ^, and consequently is the present value 

i “h 2- 


of 1, it follows that I — J; 


I 

1 + ^*’ 


from which formula (9) may be 


immediately deduced. 

25. In practice it is customary to regard the operation of discounting 
from the point of view adopted in the last paragraph, and to speak of 
discounting a given sum, or finding its present value ^ at a given rate of 
interest — that is, at the rate of discount corresponding to that rate of 
interest. ‘Financial transactions are usually based upon a given rate of 
interest, and the corresponding rate of discount — if required — is deduced 
from the given rate of interest by means of formula (9). An 
exception to this rule occurs in the case of bill-discounting, which is 
invariably based upon a rate of discount. In particular, what is termed 
“ Bank rate” is the rate of discount charged by the Bank of England 
for discounting first-class bills. In employing an agreed rate of 


discount— say — to discount a bill due -th of a year hence the usual 

commercial practice is to treat the rate as a nominal rate of discount 
convertible n times a year, and consequently to charge discount 

amounting to - for each unit of the amount of the bill, so that the 


effective rate of discount in respect of the transaction is 1 



As n is increased, the value of this expression diminishes. It appears. 
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therefore, that, in discounting bills at the uniform rate jT, the banker or 
bill-discounter, by following commercial usage, realizes a slightly higher 
effective rate on the longer bills than on the shorter ones, and that, 
inasmuch as practically all trade bills are drawn for periods of less than 
a year, he will realize all round a slightly lower effective rate than the 
rate f at which discount is calculated. The difference is, of course, so 
small as to be of no practical importance. 

20. By obvious deductions from formula (9) it will be seen that, 
if i and d are corresponding effective rates of interest and discount, 
j and f the corresponding nominal rates of interest and discount 
convertible m times a year, and h and S' the corresponding forces of 
interest and discount, then 

i^d^id 



and 


S=:S'. 


The last equation establishes the important proposition that the 
forces of interest and discount corresponding to the same effective rate 
of interest are equal, and the two preceding equations suggest a verbal 
explanation of this fact. The difference between the effective rate of 
interest i and the corresponding effective rate of discount d is equal to 
a year’s interest on c?, for d is equivalent to a year’s interest on the 

present value of 1 due a year hence, that is on 1—cl, whereas i is a 

j T ^ 

year’s interest on 1. Similarly, since ^ and ^ may be regarded as 

corresponding effective rates of interest and discount for the interval 

of — th of a year, ^ exceeds — by the interest for ~tli of a year on — , 

m m m m m 

j f j f j "f 

that is, — = — • — , or /—/=—. Now, when m is increased 

m m m m in 

indeSnitely, j and f become respectively, by definition, the force of 

j -f 

interest and the force of discount, and vanishes. Consequently, 

the force of interest = the force of discount. 

27. The question may also be considered from a slightly different 

point of view. If a sum P increases in ~th of a year to S under the 

in 

operation of interest, the nominal rate of interest per annum may be 
found by taking the ratio of S—P to P and multiplying by wi, while 
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the corresponding nomintal rate of discount will be found by taking 
the ratio of S—P to S and multiplying by m — the numerator being the 
same in both cases, but the denominator being the present value in 
one case and the amount in the other. Now when the interval is 
inde finitely diminished the present value and the amount differ by an 
indefinitely small quantity, so that the two operations give identical 
results. But in this case the nominal rates of interest and discount 
become the forces of interest and discount. Consequently, as before, 
the force of interest = the force of discount. 

In future, the one symbol S will be used for both the force of 
interest and the force of discount. 


28. For convenience, the 


quantity — — or + 


-the present 


value at the effective rate i of 1 due a year hence — is frequently denoted 
by the symbol v. Thus the present value, at the effective rate of S 
due n years hence, may be written either as or 

29. Since 1—d = it follows that 
1-f-t 




i 

TVi 


or ii\ 


This relation, which will be found useful in many investigations, 
expresses the fact that the discount at the effective rate of interest i on 
1 due a year hence is equal to the resent value of a year’s interest 
on 1, or, conversely, that the interest on 1 if paid at the beginning 
instead of the end of the year would be d. 

30. By reference to equation (9) it will be seen that any one of 
the quantities e, d, y , f S, and v may be expressed in terms of any 
other. 

For example, 

— 1 = d 4“ “h d* ••• 


^ P 

=e»-l=8+ ol + 3] + • • * 
-1 c - -8 2 !‘^ 3 !“ •“ 

8=log«(l + 0 =*— 2 
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31. As d and 8 are always, in practice, small quantities, the 
successive terms in the series given above diminish rapidly. These 
series afford, therefore, the means, when the numerical value of any one 
of the functions in question is given, of calculating the values of the 
others with any desired degree of accuracy. Consider, for example, the 
expansion of 8 in terms of i : — 


In this series the terms are alternatively positive and negative, and each 
is less than the preceding one. Hence, any given term taken positively 
is numerically greater than the sum of all the subsequent terms. 
Consequently, the error resulting from the neglect of all terms after, 

1 

sav, the ^th, is less than -• To take an actual example, let 

n -^1 

Then, since =*00000002018, the error in taking 


S as =*04- 


•0016 


- + 


5 

•000064 


•00000256 


3 


4 


, or *03922069, will not affect 


the seventh place in the result. 

Good approximations, either for use in algebraical analysis or for 
practical purposes — when an isolated value is requirefl and great accuracy 
is not necessary — may also be obtained by neglecting all terms after the 
second. Thus 

e=8-f ^8^ approximately 


S=i — 


2 




Also, by addition of the first and second of these approximate relations, 

/gS g5 N 

a formula which differs from the true value of 8 by only f “ -f- . . .) 

in excess, and gives a result correct to at least four places of decimals 
for all values of z not greater than -07. For many practical purposes, 
however, sufficiently accurate results may be most conveniently 
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obtained by ordinary arithmetic or by logarithms. Thus, if i be 
given as *05, the value of v will be best found by taking the reciprocal 
of 1*05, and that of the corresponding nominal rate of interest 

convertible quarterly by means of the relation log = -log 1 ’05. 

In the latter case it would be necessary to use a six or seven-figure 

logarithm table, as the first significant figure in log -f ^ will be 
the third. 

To take another example, the value of 8 correspondieg to a given 
value of and the value of j corresponding to a given Value of 8, 

would be respectively obtained by means of the relations 8=?7dog 

f \ 8 

-4- log e and log — x log e, 

\ mj 111 

It has been stated in Article 5 that denotes a nominal ratey 
convertible m times a year. It is, however, convenient to use the 
symbol in the restricted sense of the nominal rate contertible m times a 

year corresponding to the effective rate or as an abbreviation for 
1 

I], and it will in future be so used in this book. A 
nominal rate, when used without direct reference to the effective rate to 
which it corresponds, will be denoted as before by the symbol y without 
a suffix. 

On page 221 will be found a table giving the values of J, v,y( 2 )>y( 4 )> ^ 
and log io(l + 0 corresponding to various effective rates from *01 to -05. 
32. To sunnuarize the principal results established in this chapter — 
I. At Compound Interest. If i be an effective rate of 
interest, the corresponding nominal rate payable m times 
a year, 8 the corresponding force of interest, and S the 
amount of P in years : 

8= P(1 + f)^=:P( 1 

V m J 

i=( 

'v m J 

( 1 + 0 ”• -1 } = >« I - 1 1 

(*+^) 
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11. At Compound Discount, If d be an effective rate of 
discount, f the corresponding nominal rate convertible 
m times a year, S' the corresponding force of discount, and 
P' the present value of S' due at the end of n years ; 

f p\mn 

y=7;i|l — (1 — = — 

loge(l-~C?) = ~-wloge^l— 

III. In any given problem, when the rates of interest and 
discount necessarily correspond, 

P=S^l + *V”,or Su« 

=s(i-^)*=s(.-{)**=s,-.. 



iv == 1 — y 


and the Force of Interest = the Force of Discount. 


33. It has been assumed in this chapter that the rate of interest, 
whether effective or nominal, employed in any given investigation 
remains unchanged throughout. Most financial calculations are based 
upon a single uniform rate of interest, but inasmuch as the rate of 
interest actually realisable upon investments is subject to considerable 
variations, it is of some importance to investigate formulas applicable 
to cases in which a varying rate is assumed. In general, it: P be 
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accumulated for n years at compound interest, the effective rate being 
ii for the first year, ^ov the second year, and so on up to In for the 
nth year, the amount of P in n years will be 

P(1 + h) (1 + 4) (1 + h) • . . (1 + in) • 

Thus the amount of 1 in 40 years at an effective rate of 3 per-cent for 
the first 20 years, 2^ per-cent for the next 10 years, and 2 per-cent 
for the last 10 years, will be (1‘03)‘'‘‘’(1*025)’®(1*02)^‘^. 

In order to develop the theory of compound interest at a varying 
rate, it would be necessary to assume some relation between e'l, 2 * 2 , &c. 
It might be assumed, for example, that ii, &c., decrease in such a way 
that l + ^l, l-|-* 2 > &o., form a Geometi'ic Progression with the common 
ratio 1—^, where ^ is a positive quantity small relatively to Then 
l + ? 2 =(l--^)(l + ei) ; 1 + ?3=(1— ^)‘^(l + h) ; &c., and the expression 
for the amount of 1 in n years becomes (1 — •• • x 

n(n-l) 

or (1— A:) 2 If i)e taken as -04, and k as *0005, the 

successive yearly rates during a period of 20 years will be *04, *03948, 
*03896, . . . *03016 (approximately), and the amount of 1 in 20 years 
will be *90935 x 2*1911, which =1*9925. It will be noticed that a rate 
decreasing in this particular way gives the same amount for a term of 

n-l 

n years as a uniform effective rate of (1 — ^) 2 (i q. ^j) 

The mode of decrease assumed in the last paragraph is practically 

limited in applicability to a term of years not exceeding 1 — 

log(l-^*) " 

for after that term the rate of interest (1 — ^)^''^(l-f 7i) — 1 would 
become negative. An alternative assumption, which gives a positive 
value to in for any value of n, however large, and might, therefore, be 
regarded as holding good in perpetuity, would be that the effective rates 
for successive years form a decreasing Geometric Progression, so that the 
amount of 1 in n years =(l + ii)(l + kii) . . . (l + k^~Hi), where k is 
< 1. If this exj)ression be denoted by , then 

log A==loga(l + 7i)+log^(l + Hi)+ ... +loge(H-yl*»^-Jzi) 



____ l^Jcn . l^k^n il ^ 
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Suppose that ^=-98i>, and that «\ = *04 as before. Then the successive 
yearly rates for the first 20 years will be *04, *03940, 03881, . . . *03001, 
and^ since for this value of h the terms in the above series decrease 
rapidly, the terms after the second may be neglected, whence, approxi- 
mately, log,S2o=-69564- 01219=*68345, and S2o=l*9807, which differs 
by only OUUo from the correct value. 

. . 1 1 

Since each term in the senes - — — t-;* -|- ... is less than the 

1—A? \ — 2 

preceding term, and the terms are alternatively positive and negative, it 
follows that the amount of 1 at the decreasing rate assumed in the last 
paragraph has a finite limit when n becomes infinite. The assumption of 
a decreasing rate such that the amount of 1 has a finite limit has some- 
times been advocated as a necessary basis of the Theory of Compound 
Interest in view of the impossible results given by the ordinary 
assumption of a uniform rate when applied to the accumulation of even 
a small principal for a very long period. For the periods, however, over 
which financial transactions usually extend, the assumption of a uniform 
rate is legitimate and in accordance with practice. The practical 
inference to be drawn from the theoretical difficulty as to the accumula- 
tion of capital for very long periods appears to be that in transactions 
involving accumulation the uniform rate assumed for comparatively long 
periods should be lower than that assumed for short periods. 
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CHAPTEll 11. 

On the Solution op Problems in Compound Interest. 

Practical Examples. Equation op Payments. 

1. Problems in Compound Interest may be broadly classified into 
(1) those in which it is required to determine the present value of some 
series of payments, or the terms of a given transaction, in order that a 
specified rate of interest may be realized; (2) those in which, the 
present value of a given series of payments or the terms of a given 
transaction being stated, it is required to find the rate of interest 
involved. In the subsequent chapters of this work certain problems of 
both these classes, with various questions arising out of them, will be 
specially investigated, but it may be useful to point out at this early 
stage that the solution of all such problems calls for nothing more than 
R correct application of the principles and formulas established in the 
preceding chapter. 

2. Thus, the valuation of redeemable securities constitutes a large 
class of problems which on account of their practical importance 
demand special treatment, but in the case of any given problem of this 
class, there is no difficulty in obtaining a solution by a direct application 
of the fundamental formulas summarized in Art. 32 of Chapter I. To 
take an example, let it be required to find what should be the price 
per-cent (including brokerage, &c.) of Metropolitan 3 per-cent 
Consolidated Stock, on 1st February, 1915, to pay a purchaser interest 
at the effective rate i* This Stock is redeemable at par on 1st 
February 1941, and interest is payable quarterly on the 1st February, 
May, August and November. The required price will obviously be the 
sum of the present values at rate i of the various payments the 
purchaser will receive, namely, the quarterly dividends of *75 (neglecting 
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income-tax) from 1st May, 1915, to 1st February, 1911, and the 
principal of 100 on the last-mentioned date. By Art. 28, Chap. I, the 
present value of the first quarter’s dividend will be *75 yi, that of the 
second *75 yi, and so on, the present value of the final dividend being *75 
and the present value of the principal will be lOOy^s. Consequently the 
required price . . . ^-^?26) -plOOy^e^ which reduces, by 

1 — 1;26 

summation of the geometrical progression, to '7 5 yz rrr — r + lOOu^ . 

By logarithms it may be easily found that the value of this expression, 
when ^=say *035 and v consequently =*966184, is 92*215. Thus it 
appears that the price of Metropolitan 3 per-cent • Stock, on 1st 
February, 1915, to pay an effective 3| per-cent without allowance for 
income-tax, would be 92;J per-cent approximately. The calculation in 
this case might be simplified, as will be shown subsequently, by the use 
of special tables, but it will be seen that the solution of the problem does 
not raise any new question of principle. 

3. In many cases it is necessary, or convenient, in order to obtain 
the solution of a given problem, to write down an equation of value. 
In an equation of this nature it is essential that all the quantities 
involved should be discounted or accumulated to the same moment of 
time — either the present moment or some future moment as may be 
more convenient. Let it be required, for example, to find what two 
sums of equal amount due six months and a year hence respectively 
will together be equivalent at the effective rate i to a single payment of 
P due nine montlis hence, and let each of the required sums be X. 
Then the equation of value may be written down either as at the 
present moment, or, more conveniently, as at the date when the 
payment of £P falls due. In the former case the equation will be 

Xyi-fXy=IM 

and in the latter X(l-f z)i4-X(l -f = 


In this case the two equations are equally easy to write down, and 
the first reduces immediately to the more symmetrical form of the 
second, but in some cases much trouble will be saved by selecting the 
most appropriate moment at which to write down the equation of value. 

4. Another point to which attention may be directed is that in 
determining the effective rate of interest yielded by a transaction 
extending over a period less than a year, or by a number of transactions 
extending over different periods, it is not necessary to make any 

c 2 
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assumption as to the terms upon which the capital employed in any one 
of these transactions is or could be invested after the close of that 
particular transaction. Thus the effective rate realized by the purchase 
of a bill for 100 due 3 months hence at the price of 98 is r 

it is immaterial, so far as the rate realized upon this particular 
transaction is concerned, whether or upon what terms the proceeds of 
the bill are invested for the remaining nine months of the year. So, if 
two sums of Si and Sa due at the end of ni and n 2 years respectively 
are acquired for a present payment of P, the effective rate realized will 
be i, as determined from the equation - 1 -S 22 ^”a. The result 

means that the entire purchase-money is invested at rate i until part of 
it is realized on the first sum becoming due, and that thereafter the 
remainder is invested at the same rate until realization, and the 
transaction as a whole is said to yield that rate ; it is immaterial how 
any part of the invested capital is re-invested after realization. 

6. A third point, and one of considerable practical importance in the 
solution of problems in compound interest, is that a corresponding 
e:ffective rate may always be substituted for, or employed in working in 
the place of, a nominal rate, and vice verm. Thus, if it be required to 
find the value of any series of payments, or to determine the conditions 
of some financial transaction, on the basis of interest at a given 
nominal rate y, the problem may be worked out on the basis of an 
effective rate and the result in terms of the given nominal rate will 
be obtained by substituting for i its value in terms of y. In many 
cases it will be found very much simpler to proceed in this way 
than to work throughout in terms of y. Occasionally, on the other 
hand, it may be found convenient to employ a nominal rate in working, 
and to substitute for that rate, at the final stage, its value in terms of 
a given effective rate. Similarly, if it be required to find the rate 
of interest yielded by a given transaction, it is immaterial to the result 
whether the effective rate or a nominal rate be determined. The object 
in all cases should be to determine the yield in that form — whether as 
an effective rate or a nominal rate — to which the conditions of the 
question most easily lend themselves. The yield, when determined, can 
of course be readily expressed as an effective rate or a nom nal rate in 
accordance with the requirements of the question. hese principles 
follow at once from the fundamental equation 

( 14 - /)«=:( iq ] for all values of %. 

\ m ) 
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6. The following examples further illustrate the principles and 
formulas established in the preceding chapter : — 

(i) The sum of the amount of 1 in 2 years at a certain nominal 
rate of interest convertible half-yearly, and of the present 
value of 1 due 2 years hence at the same nominal rate 
of discount convertible half-yearly, is 2*004)80032. 

Find the rate. 

The amount of 1 in 2 years at the nominal rate of interest 
2r convertible half-yearly is (1 + r)^. And the present 
value of 1 due 2 years hence at the nominal rate of discount 
2r convertible half-yearly is (l—r)**. 

If 2r be the rate 

(l-hr)4-f(l-r)^=2*004800n2, 
whence r”* ‘00240016=0, 

or (r2 - -0004) -f 6*0004) = 0, 

giving as a practical solution r=*02 and 2r=*04, 


(ii) A money-lender makes an advance on security of a one-month 
bill and deducts interest in advance at the rate of 1^. in 
the £. He allows the bill to be renewed 11 times, each 
time for a month on payment of Is. per £, and at the end 
of the year the bill is duly met. What rate of interest 
does he realize on the transaction ? 

The net sum invested by the money-lender in respect of each 
unit of the amount of the bill is (after deduction of the 
first month’s interest) *95. At the end of each of the first 
11 months he receives *05, and at the end of the 12th 
month he receives 1, that is, *95 (the net sum invested) 
-f *05. Hence on each unit invested he receives interest at 
12 

the rate of — per annum payable monthly. This is the 


nominal rate of interest convertible monthly realized on 
The corresponding effective rate is 


the transaction. 


f — ) —Ij vvhich =*8506, or 85*06 per-cent per annum. 


It may be observed that if the transaction had been 
determined at the end of the first month by the bill 
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being then met, the effective rate realized would have been 
precisely the same. The successive renewals of the bill 
upon the same terms as those upon which it was initially 
discounted do not affect the rate of interest realized ; they 
merely provide the money-lender during the remaining 11 
months of the year with an investment yielding the same 
effective rate as that obtained on the original transaction. 

(iii) In how many years will a sum of money double itself at 
compound interest ? 

If interest be assumed at the effective rate the required 
number of years will be n, where (l-f^)”^=2. In any 
given case, the value of n will be most accurately obtained 
by ordinary logarithms. Thus, if f=: '05, 

_ log2 _ -30103 

”~iogro5~-om8s« 

= 14-207 nearly. 

But a general approximate solution, and a convenient rule for 
practical purposes, may be obtained by taking Napierian 
instead of ordinary logarithms. Proceeding in this way, 

- 2-302G 

loge(l + f) . 

2 3 “ • • • 

•G9315r, i -693 

= — ^ 2 “ l2j“ approximately. 

The number of years in which a sum of money will double 
itself at a given effective rate of interest may therefore be 
found, with approximate accuracy, by dividing 69*3 by the 
rate of interest per-cent and adding *35 to the result. 
Compare the common rule: — To find the number of years in 
which money will double itself, divide 69 by the rate of 
interest per-cent. 

If interest be at a nominal rate j, convertible m times a 
year, the method of the preceding paragraph will obviously 

apply, for ~ may be regarded as an effective rate for — th 
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of a year. The general approximation will give 

years. 


/•G93 

1 , /» • 

^693 •35\ 

/ +-35 

\-ths or a year — i.e,. 


1 1 

\m 

< J 

\ m / 

1 



(iv) By how much will the amount of a sum of money in n years, 
at a given rate of interest, convertible m times a year, 
exceed its amount at the same rate convertible annually ? 


Let the given sum be P, the given rate i 

and the required 

result X. Then 





1 O + s) , 

X^Pfll-^-^j -P(l-hr)’^=P(l4-r)^ 

(! + )•)« 


For practical values of m, 


'i-f -T 

ss mj 

"iT^" 


= 1 + - 


2m l-f-r 


nearly, 


/yjl ]_ ^ , , JL 

and, since — — • will usually be small relatively to - , 

’ 2m 1 + r ^ n' 






1 + f 


■ approximately. 


Hence, as a rough approximation for cases in which n is 
not large, 

n(m — 1) 


To test the accuracy of the result, take P=l, ^=*04, 
m = 2, and n—50. In this case, P(l-kr)’^=7‘10G7, and 

X=7T067 X ^ X =-13G7 nearly. The amount of 1 
4 104 

in 100 years at 2 per-cent per annum is 7*2446, and the true 
value of X would, therefore, be *1379. 


(v) A sum of money is to be invested and accumulated in Consols 
for n years from 5th April in a specified year. Obtain 
an expression for the effective rate of interest realised, 
on the assumption that the rate of income tax remains 
unchanged throughout. 

The dividends on Consols are payable quarterly, at the rate 
of 2i per-cent per annum, on 5th January, April, July and 
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October. Let Icq be the price (including brokerage) per unit 
of Consols at which the original investment is made; 

the prices at which the successive quarterly 
dividends are invested ; Jcn the price at which the accumu- 
lated amount is sold at the end of n years ; and t the rate of 
income tax per unit. Then if i be the effective rate of 
interest realised, (1 4- 

L ^4 J L ^4 -I L 

from which the value of i may be found, if the values 
of t and the ^’s are known, by taking logarithms. 

If the price has fallen or risen more or less continuously during 
the period under consideration an approximation to the 
value of i would be obtained by assuming all the dividend 
investments to have been made at the mean price, on 
which assumption 

1 /n -N 1 7 1 7 . 1 r. -00625 (1-f) 

n log (1 + i)-log kn—hg ^0+4;^ log |^1 -h 

Suppose, for example, 7^=10 ; ; kn=‘S5 ; and f=zdd. 

in the £. Then the approximate formula would give 

10 log (l-hi)=log 85 -log 904-40 log 1-006875 
whence *021927. 

The problem is of some importance on account of the facilities 
given for the investment of Post Office Savings Pank deposits 
in Consols, and it will be seen from the above example that 
with an initial price of 90 a fall C'f 5 in 10 years would 
reduce the return from about £2. 135. to under £2. 45. per- 
cent, which, however, would still be somewhat more than the 
2 per-cent allowed on deposits. It should, however, be borne 
in mind that under the arrangements for the investment of 
dividends on accumulating Consols accounts the quarterly 
dividends are not invested until about a month after the 
dates on which they become due, with the result of an 
average loss of a month’s interest on each dividend. 

7. The problem of finding the equated time for a number of sums 
due at different times, or, in other words, the average date at which, on 
the basis of an agreed rate of interest, all the sums might be paid 
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without theoretical advantage or disadvantage to either party, is one of 
some practical importance. 

Let the various sums be S,, S2, S3 . . . Sr, due at the end of 
^2, % . . . jears respectively, and let n be the equated time on the 
basis of interest at the effective rate i. Then 

(S1-I-S2-I- . . . -rSr)y’^=Siy’^i + S2tJ’^2 4. . . . 

whence 

— (Si-hS2-f ... + Sr)— jpg 

]og(l + *) 

The accurate calculation of n by this formula would not, in general, 
present any difficulty, but an approximation to its value may be obtained 
in the following way. In terms of S, the force of interest or discount 
corresponding to i, the formula becomes 

- n ,-8 


1 Si6?“”'i^-|-S2<e’“%^4- . . . 

■5 log, S,+1^--,T7+S7~ 


lo - 




M,282 




-h S2( 1 — ^2$ + 


«./82 




+ 


or. 


and 


81+82+ ... + 8r 

if 2 S be written for (Si + 82+ . . . +Sr), 
2?i8 for (^181 + 77282+ . . . + 77 r 8 r) 
Sn-S for (ni‘-^Si + /?2-S2+ . • . +^?r‘^8r), 

^277 8. 277^8^2 


r /2778^ 277^8 82 N-i 

' 28 2 y ^ 2V28 


_lr/ 2 / 7 S^ 27/28 82 

“8Lv^ 


1 / 2^7 8 ^, 27/28 82 

2^ 2 


+ 





1 — 

."ss ~ 

Us;j 


28 

Hence as a tirst approximation 

and as a second approximation 
27/8 
28 


n= 



27/8 


72 ~ 

[ 

2“^ 


8 

-27728 

/2»SY-| 

2 

.28 

UsJ J 


igher powers ot 8. 


( 2 ) 


( 3 ) 


It will be found that formula (3) gives a close approximation to tlietrue 
equated time in most cases that are likely to arise (see examples, J,LA., 
vol. xlv, p, 486). But in actual practice it would always be advisable — 
and would generally entail little, if any, more work — to calculate the 
equated time accurately by formula (1). 



26 


SOLUTION OF PEOBLEM8 IN COMPOUND INTEREST. IChapter DL 


8. Formula (2) of the preceding Article expresses algebraically the 
common rule for finding the equated time of payment of a number of 
amounts due at different times : Multiply each amount by the number 
of years to elapse before it becomes due, and divide the sum of the 
products by the sum of all the amounts. It is obvious, however, from 
inspection of the second term of ( 3 ), which term may be written in the 

form — ^ ^2) ^ l£ differences between the pericd§ to 

elapse before the several amounts become due are large, the result given 
by formula ( 2 ) will differ materially from that given by Ibrmula ( 3 ), and, 
therefore, in general, from the true equated time. The rule cannot, 
therefore, be relied upon in practice, and must be regarded as giving a 
rough approximation only to the true result in cases in which the 
respective periods of deferment of the several amounts do not differ very 
greatly. 

9 . The result given by the rule discussed above always exceeds the 

true equated time ; that is to say the rule favouis the debtor. The 
following neat proof of this fact is taken from vol. xxxiii. 

p. 539 

The Arithmetical Mean of Si quantities, each 8-2 quantities, 

i_ . o t f 

each . . . Sr quantities, each is T'o • 

■7“ fe 2 T" • • • + fer 

The Geometrical Mean of the same quantities is 

+^2 82 * « » -hnrS r 

V 81 + 83+... +Sr • 

Now the Arithmetical Mean of any number of quantities is > their 
Geometrical Mean 


Sie;"l + So?;^2+ . . . +SrV^r , 

S1 + S2+ . . . -fSr «.+83+...+8r 

or 

WjS, +K3S3 + . . . + Wr8r 

(SiU^l-|-S2t?^2-f- , , , Srl’^r) is > (Si -|- S2 4 " . . . Sr) y 81+83+ ... +Sr 

From this inequality it appears that the present value of Si due at 
the end of ni years, S2 due at the end of n2 years, &c., is > the present 

value of (Si 4-82+ . . .) due at the end of - years. 

bi 4 - 82 -h . . . 

The quantity . • ..1 „ 1 fg therefore > the true equated timo 


of the sums. 


Si + S2-b . . . 
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10 . As a practical example of the foregoing proposition, take the 
following: — Which would be the better investment — two bills for 
£5,000 each for two and four months respectively, or a three months^ 
bill for £10,000, the same rate of discount being oflered in both cases ? 

Sf 

Since commercial discount is calculated by the formula — where 

S is the amount of the bill, the rate of discount, and ~th of a year 

the time, the price of the two bills for £5,000 each will be exactly 
the same as that of the single bill for £10,000. But at a given rate 
of interest the present value of £5,000 due at the end of two months 
and £5,000 due at the end of four months is > that of £10,000 due 
at the end of three months. Therefore, at a given price, £5,000 due 
at the end of two months and £5,000 due at the end of four months 
give a better yield than £10,000 due at the end of three months; in 
other words, the two bills form the better investment. 

Of course, in practice, other considerations would come in. The 
rate of discount in commercial transactions may be considered as 
representing partly interest and partly a premium for insurance against 
the risk of possible loss of principal ; consequently a higher rate will 
generally be obtainable on bills for longer periods. 
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CHAPTER ITL 

On the Valuation of Annuities-Certatn, 

1 . An Annuity is a series of payments made at equal intervals 
uring the continuance of a given status. 

2. When the status is a fixed term of years, the annuity is called an 
QDuity-certain. 

An Annuity-Certain may, therefore, be defined as a series of 
ayments made at equal intervals during a fixed term of years. 

3. When the payments are of uniform amount, the annuity is 
leasured by the total amount payable in a year, which amount is 
)metimes called the annual rent. Thus, an annuity under which 

h 1 

payment of — is made at the end of each — th of a year is described 
m m 

j an annuity of Ic per annum payable m times a year, and k is said to 
3 the annual rent of the annuity. 

4. Annuities-certain may be immediate, in which case the first 
ayment is made at the end of the first interval; or due, in which 
Lse the first payment is made at the beginning of the first interval; or 
3f erred, in which case a certain number of intervals has to elapse and 
1 immediate annuity is then entered upon. 

Thus an immediate annuity of k per annum, payable quarterly for 

k 

years will consist of 4w payments of - ®^ch made at quarterly 

itervals, the first being made at the end of three months and the last 
i the end of the n years. In an annuity-due of the same description, 
le first payment is made immediately and the last at the beginning of 
le fourth quarter of the nih. year. And in a similar annuity deferred 
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m years, the first payment is to be made at the end of {m -f i) years and 
the last at the end of (m-i-n) years. 

6. A continuous annuity is one whieh is assumed to be payable 
momently by infinitely small instalments. 

6. All annuity of which the payments are to continue for ever 
is called a perpetuity. The expressions “immediate perpetuity”, 
“ perpetuity due”, “deferred perpetuity”, and “ continuous perpetuity”, 
are used with significations similar to those attaching to the corre- 
sponding descriptions of annuities. 

7. When the successive payments of an annuity are not taken as 
they fall due, but are left to accumulate at compound interest, the 
annuity is sometimes said to be forborne. The sum of the amounts of 
the successive payments accumulated to the end of the period during 
which the annuity is payable is called the amount of the annuity. The 
sum of the present values of the successive payments is called the 
'present value of the annuity; an annuity of which the present value is 
h per unit of annual rent is said to be worth Tc years^ purchase. 

8. The notation employed in the valuation of annuities-certain, of 
which the periodical payments are equal, is as follows: — 

5,1] denotes the amount of an immediate annuity of 1 per annum 
payable annually for n years. 

,, the amount of an immediate annuity of 1 per annum 
payable p times a year for n years. 

„ the amount of a continuous annuity of 1 per annum 
for n years. 

a^ „ the present value of an immediate annuity of 1 per 
annum payable annually for n years. 

„ the present value cf an immediate annuity of 1 per 
annum payable p times a year for n years. 

^ 74 ] ,, the present value of a continuous annuity of 1 per 

annum for n years. 

Eni ,, the present value of an annuity-due of 1 per annum 
payable annually for n years. 

„ the present value of an annuity of 1 per annum, 
payable annually for n years, deferred m years. 
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Tbe symbols a and may be qualified by the affix (p) in the same 

way as the symbol a. In tbe case of a perpetuity, the suffix ^ is 
replaced by oo . Thus doo denotes the present value of a continuous 
perpetuity of 1 per annum. 

9. The following relations obviously hold : — 


= ( 1 ) 

= - + « i| (2) 

p "-pi 

^inl (3) 

+ n\^oo . (4) 


10. From the definitions given in Article 8, it will be seen that 
the amount or present value of an annuity at a given rate of interest 
may be found by summing the amounts or present values at that rate of 
the successive payments. Now the amount or present value of any 
eeries of payments at a given nominal rate of interest may be found by 
working with tbe corresponding effective rate and substituting for the 
^effective rate, in the result, its value in terms of the nominal rate. 
Hence the general problem of finding the amount or present value of an 
annuit}’', payable p times a year, at a nominal rate of interest 
convertible m times a year, resolves itself into that of finding the 
amount or present value at an effective rate of interest. 

11. To find the amount, at the effective rate of interest i, of an 
immediate annuity of 1 per annum payable p times a year for n years. The 

amount of the first payment of the annuity will be ^ that of 

1 2 

the next - and so on, the amount of the last payment 

P 

being -. 

P 


Hence 4’=^ j^(l + i)”-p+ (1 + *)"-^+ . • • + lj 


(l + 0”-l 


( 5 ) 


12 This result may be readily obtained by general reasoning. A 
unit of capital, invested at the effective rate of interest i will yield 
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interest amounting to + -th of a year, or, 

1 

in other words, an immediate annuity of ^[(l + ^r— Ij per annum, 
payable ^ times a year, for n years, and it will remain intact at the 
end of the period. In the alternative, if the interest be allowed to 
accumulate, the original unit will amount to (l + e)" at the end of n 
years. These two things must be equivalent; that is to say, if the 
equation of value be written down as at the end of n years, 

. i>[(l + ^ 1] + 1 = (1 + 0^ 


or, as before, 


I — 


JIP) 


13. To find the present value, at the effective rate of interest /, of 
an immediate annuity of 1 per annum payable p times a year for 
H years. 

1 1 

The present value of the first payment is -vp, that of the second 

1 - .1 

and so on, the present value of the 6nal payment being 


Hence 


. 11 ? 
an] 

__ l — v^ 

— ; • • • • ' 

Jm 


( 6 ) 


14. This result may be established by reasoning very similar to that 

of Article 12. A unit of capital invested at the effective rate of 

1 

interest i will yield an immediate annuity of + annum, 

payable p times a year for n years, and will remain intact at the end of 
the period. It must, therefore, be equal to the present value of such 
an annuity together with the present value of a unit due at the end of 
w years; that is to say; — 


I = a4f + 


ort = 


Jm 


or 
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15. The argument may also be put in the following slightly different 
form ; — An immediate annuity of 1 per annum payable 'p times a year 
for n years is obviously equivalent to a perpetuity of 1 per annum 
payable^ times a year less a similar perpetuity deferred n years. Now 

a unit will produce interest of 1] per annum payable times 

a year, in perpetuity; therefore the present value of a perpetuity of 

p[(l "hop'll] annum payable p times a year is 1, and by simple 
proportion the present value of a similar perpetuity of 1 per annum 

ig L__ , Hence 

P [(1 + 0 p - 1 ] 

00 00 


JiP) 

^ l^vn 

hv) 

13. In establishing the formulas for and aS it has been 
implicitly assumed that np is an integer, or in other words, that the 
term of the annuity comprises an exact integral number of intervals. 
In order to extend the formulas co cases in which np is not an integer, 
it is necessary to adopt some convention as to the proportion of the 
periodical payment which should be paid in respect of a fractional part 

of an interval, say for — th part of an interval, or — th of a year. For 
m ^ mp 

purposes of theory it is convenient to make the proportion such 

may hold lor all values of n. This con* 


<£!- 


that the formula 
vention gives 


Jm 


1 — V wp 

JiP) 


1 — t;**— y mp 

-f 


J(P) 


JiP> 


. m . . -.-.ir + 

srt •+■ i — 


( 7 ) 
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from which it appears that the proportionate payment for the final 
— th of a year would he - ^ - - — i*-, or the same proportion of 


the periodical payment as the interest on 1 for ^ is of the 

interest on 1 for -th of a year. Subject, therefore, to the understanding 
P 

that the proportion for the odd fraction of an interval is to be 
calculated in this way, the formula 


^n\ — 


1 —V^ 

Up) 


and, by an obvious deduction, the formula 


«n| — • 

Jm 


will hold for all positive values of n whether integral or fractional. 

In practice the proportionate payment would be taken as — , and 
the present value of an annuity of 1 per annum payable ^ times a year 
for years would consequently be -f “ 

17. It will be observed that the numerators of the expressions 

for and are respectively the total interest on 1 in years, and 
the total disconnt on 1 due n years hence, and that the denominator of 
each expression is the nominal rate of interest convertible p times a 
year corresponding to the given rate. It appears, therefore, that 

(i) the amount of an immediate annuity of 1 per annum at a 

given rate of interest is the total interest on 1 in n years 
divided by the corresponding nominal rate of interest 
convertible with the same frequency as that with which the 
annuity is payable, and 

(ii) the present value of an immediate annuity of 1 per annum 

at a given rate of interest is the total discount on 1 due n 
years hence divided by the corresponding nominal rate of 
interest convertible with the same frequency as that with 
which the annuity is payable. 
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These results are perfectly general, for the annuity of which the 

amount and present value are represented by st\ and an\ is the most 
general type of an immediate annuity payable by equal periodical 
instalments. 

18. From formulas (6) and (6), or from the verbal expressions 
just given, the amount and present value, at the effective rate of 
interest of an immediate annuity of 1 per annum payable witlf any 
given frequency, may be at once written down by assigning the 
appropriate value to p ; from the resulting formulas the amount and 
present value at any given nominal rate of interest may be deduced, as 
already explained, by substituting for i its value in terms of the given 
nominal rate. For convenience of reference the general formulas and 
the deduced expressions for certain values of p are exhibited in the 
following summary ; — 


Amounts and Present Values of an Immediate Annuity of 
1 per annum for n years : 

(a) In terms of tie effective rate of interest i. 


Annuity Payable 

Amount 

Present Value 

p times a year 

■VI = . 

/m 

Total interest on 1 

"nl— • 

hpi 

Total discount on 1 

Nominal rate of interest 
convertible p times a 
year corresponding to i 

Nominal rate of interest 
convertible p times a 
year corresponding to i 

Yearly 

. . (») 

1 

.... (9) 

Continuously 

(jj=cc) 


“”'-log,(l + 0 ' ' 
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(h) In terms of a nominal rate of inf erest j convertible m times a year. 


For (1 4- i) substitute 4- ^ 


Annuity Payable 

Amount 

Present Value 

f times a year 



/ A -«m 


r/ ;A ’2 ^ 

Yearly 

• (ii') 

<n- ^ - flS^ 

(‘+3 -* 

m times a year 

(p=m) 

fl-\ j —1 

s'T-^ ■■ ri6^ 

/ i\ 

(«)_ V «'/ _ 

on] . 

J 

On — J . 

Continuously 

(p='X>) 

"-1-^ ■ flS) 

in- ^ (m 

«log.(l+J 

«a- , .. • OJ; 1 


(c) In terms of a force of interest 8. 


For (14-0 substitute e® 


Annuity Payable 

Amount 

Present Value 

p times a year 

^nl — 3 "“ * • * 

j?[ep— 1] 

1 -^p-nB 

, . . . (21) 

Yearly 

(7?=!) 

fiUB 1 

.... (22) 

1 p w6 

«a.= . . . (23) 

Continuously 
(i’ = a>) 

... 

.... (24) 

I p-nB 

*1=^—-. . . • (25) 


D 2 
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19. If n be made infinitely great, the numerators of all the 
expressions on the right-hand side of the summary given in the last 
article become 1, and the resulting formulas give the present values of 
the corresponding perpetuities of 1 per annum. Thus the present value 
at the effeciive rate i, of an immediate perpetuity of 1 per annum 

payable annually is \\ the present value at a nominal rate j convertible 

m times a year, of an immediate perpetuity of 1 per annum payable 

m times a year is and the present value, at a force of interest 8, of 

an immediate continuous perpetuity is ^ 

20 A ease of some special interest and practical importance is that 
in which interest is convertible with the same frequency as that with 
which the annuity is payable. In this case formula (13) gives 




0 

where is calculated at the effective rate of interest That is., the 

present value, at the nominal rate j convertible p times a year, of an 
immediate annuity of 1 per annum payable^ times a year for n years is 


1 

equal to the present value, at the effective rate of an immediate 

annuity of - per annum payable annually for np years. The equality 

of the two is at once obvious if “year” be replaced by “ interval”, for 
each then becomes the present value of a series oi np payments of 

1 . . . . / 

- discounted on the assumption of compound interest at the rate of - 

p p 

per interval. 

21. It appears, therefore, that a table giving, at various effective 
rates of interest, the present values of annuities of 1 per annum payable 
annually for various terms of years may be used (within such limits as 
its range allows) for finding the present value at a nominal rate of 
interest convertible p times a year, of an annuity payable p times a year.. 
For example, the present value, at'4 per-cent convertible half-yearly, of 
an annuity of 1 per annum payable half-yearly for n years may 
be found by taking one-half the present value, at 2 per-cent 
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effective, of an annuity of 1 per annum ior 2w years. In symbols: — 
at 4 per-cent convertible half-yearly at 2 per-cent effective. 

In general, a table of the present values of immediate annuities at 
various effective rates of interest may be looked upon as a table of the 
y (1 -f- 

values of , and may be used for any purpose for which 

X 

the value of this function may be required. A similar extension may 
obviously be given to the application of a table of amounts. 

22. Tables giving the present values and amounts, at various 
effective rates of interest, of an annuity of 1 per annum payable 
annually may also be conveniently used for calculating the present 
values and amounts, at the same effective rates, of a similar annuity 
payable p times a year. For an immediate annuity of 1 per annum 
payable p times a year is obviously equivalent to an annuity of per 
annum, payable annually, that i-^ : — 






. . . (2G) 

and 




. . . (27) 

or. 

V 

i 

Since 6‘bf= - — r = - 1 - — , 

.hp) J(P) 




^n\— : 

Jm 

. . . (28) 

and 


*n1'~7 ’*“1 

jip\ 

. . . (29) 


These results follow at once, algebraically, from a comparison of 
formulas (5) and (6) with formulas (8) and (9). The factor 

A is independent of n, and the values of and at a given effective 

?{p) 

rate may, therefore, he found, for any value of by multiplying the 
tabulated values of and s^], at that rate, by a factor which is 

constant for a given value of p, A table of the values of -A- 

JiP) 

for those values of i and p which occur most frequently in practice is 
given on p. 221. 

23. Although the formulas exhibited under (&) and (c) in Article 18 
have been deduced from the general formulas expressed in terms of the 
effective rate they may of course be used without any direct reference to 
an effective rate. If in any given case it is necessary to calculate the 
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present value or amount of an annuity without the aid of interest tables, 
the proper formula to employ will be that one in which the rate of 
interest — whether effective or nominal — to be employed in the calculation 
can be directly inserted ; for example, if it were required to find the 
amount of a continuous annuity of 1 per annum for 20 years at 4 per- 
cent convertible momently — that is, at a force of 4 per-cent — the result. 


by formula (24), would be 


•04 ’ 


which may be evaluated by taking the 


anti-logarithm of -|ths of the common logarithm of e, deducting 1, and 
dividing the result by *04. Precisely the same result would, of course, 
be obtained by first calculating the effective rate corresponding to the 
specified force of interest, and then employing the formula giving the 
amount of an annuity in terms of an effective rate ; for siSj at a force of 
interest of 4 per-cent at the efi'ective rate 1) which, by formula 


( 10 ), 




as before. It is obviously a much 


■log,[l + (c«^-l)] -04 

shorter process to use the appropriate formula — No. (24) — without any 
direct refVrence to the effective rate corresponding to the given force, 

2 , 

When, however, the appropriate tables of and — are available, 

3 m 

it will generally be more convenient to make use of the relations 
expressed by formulas (28) and (29). For example, the present value, 
at 5 per-cent convertible half-yearly, of an annuity of 1 per annum 
payable quarterly for 20 years =, by Article 20 and formula (28), 

a^ 4 o] X where 2 = 025, which by Table IV, p. 218, and Table YII, 


m 


12*5514 X 1*00621, or 12’629 ; the same result could of course 

1 - ( 1025)^0 


p. 221, 

be obtained from formula (13) by evaluating 


4L(l‘025)f-l] ' 

Similarly, the amount at 4 per-cent effective of a continuous annuity of 
1 per annum for 20 years could be obtained from formula (10) by 


evaluating 


(I»Q4) 2Q_1 

log e (1*04)' 


but with the aid of Tables III and VII its 


value is more conveniently obtained from the expression s:^x which 

0 


gives as the requisite value 29*7781 x 1*01987, or 30*370. 

24. By assigning to p, in formulas (5) and (6), a fractional value, 

say expressions may be obtained for the amount and present value ol 
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an annuity of 1 per annum payable every r years, that is, of an annuity 
under which a payment of r is made at the end of every rth year. Thus 


and 


(i) 




(?) ^.[1 — J )«1 J 



. . (30) 

. • (31) 


from which it follows that the amount and present value of an annuity 
of 1, payable every r years throughout a period of n years are 

— and ^ respectively. If n be an exact multiple of r, these results 
^rl 

may be verified by obvious general reasoning or by actual summation of 
the sums of the amounts and present values of the successive payments. 
If n be not an exact multiple of r, they involve the same assumption 
as that made in Article 16, namely, that the payment to be made at 
the end of the ^itb year in respect of the final period of, say, t years 
(where ^ is < r), bears the same ratio to 1 as the total interest on 1 for 
t years bears to the total interest on 1 for r years. 

25. A practical application of the formulas of the preceding article 
occurs in connection with leases subject to periodical renewal on payment 
of a fine. In the general case of a lease renewable at the end of (^+r) 
years, and at the end of every subsequent r years during a total period 
of It years (where n may be assumed to be an exact multiple of r), on 
payment, on the occasion of each renewal, of a fine P, the series of 
fines will constitute an annuity of P payable every r years for a period 
of n years deferred t years, and their present value will, therefore, be 


F,vi 




or 


Sr} 


The only case of much practical importance is that in which the lease is 
renewable every r years in perpetuitj/. In this case the expression 

for the present value of the future fines reduces to P — • This formula 

is based on the assumption that the first fine falls due at the end of 
years. If the first fine is payable at the end of t years, so that 
the series of fines constitutes a deferred perpetuity-due instead of an 
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ordinary deferred perpetuity, the formula for the present value will, of 
oourse, be 



20. The foregoing investigations relate exclusively to annuities of a 
uniform annual rent. It remains to consider the problem of valuing 
Varying Annuities, that is, annuities of which the periodical payments 
are not all equal. It is, of course, necessary that either the actual 
amounts of all the payments, or the law by which they may be 
calculated, should be given. An obvious method of procedure is to 
calculate separately the present values of the successive payments and to 
take the sum of the results, and in some cases, where the payments are 
few in number and do not follow any simple law, this will be the 
simplest course to adopt. But this method would obviously entail great 
labour if the number of payments were large, and it is therefore 
convenient to investigate general formulas applicable to the more 
important classes of cases that may occur in practice. For imrposes of 
investigation, annuities payable annually need alone be considered, as 
the resulting formulas may be applied to annuities payable with any 
other frequency by appropriately changing the unit of time and the rate 
of interest. 

27. Many simple varying annuities may be valued by elementary 
algebraical methods. 

28. Take, for example, the case of an annuity of which the successive 
payments increase or decrease in arithmetic progression. Let p be the 
first payment, the common diiference of the series of payments, and a 
the present value of the annuity for n years. Then 

a ^ q) -\-v^{p-\-2q) + • . . w — 

and avz=zv^p-\-v^{p -\- . . . •^v'^{p-\-n~2q')-\-v^'^'^{p-\-n — lq') 

by subtraction, iva^vp-^-v^q + v^-^- . . , -\-v‘^q—v'^'^'^{p-{-n--lq) 

=p . — -j- qv . «7t] — 


a—pa^ + q 


My" 

i 


whence 


. . (33) 
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If n be made infinite, becomes , the value of which is r ; and 


«»», being or 


i +,+ !=}.■.+ 

n 2 1 




*='+ . . 


vanishes. Hence the present value of a perpetuity of which the first 
payment is p, and the subsequent payments increase in Arithmetical 
Progression with a common difference g', is 

? + l (34) 


This result might have been obtained by dividing the perpetuity into one 
■of the uniform rent p, and another of which the successive payments are 

0, g', 2q^ &c. The present value of the former is and that of the 

% 

latter is 2qv^-\- . . ad inf. Now the infinite series (1 -f -f -f- . . ) 
is the expansion of Therefore 

. . . ad inf.= = 

V 

% 11) Q 

and the present value of the entire perpetuity is, as before, ^ \ 

In this connection it may be pointed out that whenever the successive 
payments of an annuity or perpetuity can be identified with the 
coefficients of the successive terms of a binomial expansion, the present 
value of the annuity or perpetuity may be at once obtained. Thus, the 
present value of an annuity-due for years, whose successive 

payments are the coefficients of the powers of oc in {1-^oc)^ would be 
+ and the present value of a perpetuity whose successive payments 

are r, ""21 » (1 — 1 or —1. 

29. The annuity whose successive payments are 1, 2, 3, &c., is 
sometimes called an Increasing Annuity without definition of the 
nature of the increase, and its present value is denoted by the symbol 
(la). From the foregoing it will be seen that 






. . . ( 35 ) 


W. = -i+S 
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30. Next consider the case of an annuity of which the payments 
increase in Geometric Progression, and let Jc be the first payment and r 
the common ratio of the series of payments. Then the present value of 
the annuity for n years 

= X; -f 4- krV -j- . . • + ““ ^ 


z=Jcv 


1 — 

1 — rv 


or k 


1 

1 -\-i — r 


h 


The present value of the corresponding perpetuity will be 

if r is and an infinite^ large quantity if r be=or >1 + /. 

\^i 1 

If rv be put=t;', so that i'=: 1, the expression kv takes 

r 1 — rr 


the form 

r 1- 


k 


^hi 

— or 
-V r 


r 


-1, kv • 


Or, alteri»atively, if rt; be put so 

takes the form Hence it appears 


that i''-— , 

1 4- i 1 — rv 

that the present value at rate i of an annuity of which the first payment 

is k, and the subsequent payments increase in Geometric Progression 

with the common ratio r is equal to the present value at rate i' of 

Jq I I ^ 

an ordinary annuity of - per annum, where — 1, or to the 


r 

amount at rate of an ordinary annuity of kv^ where ^"= — -I* 

When the value of r is such that the resulting value of or comes 
within the range of rates of interest for which the present values or 
amounts of annuities are tabulated, the relations just established afford a 
convenient means of obtaining approximately, without the labour of 
actual calculation, the present value of an increasing annuity. The first 
relation will of course be applicable when r is < 1 -f i, and the second 
when r is > l4-^*. 

31. As an example of the subject discussed in the foregoing article, 
suppose that a company applies its surplus profits, after declaring a 
certain fixed rate of dividend on its ordinary shares, to the allotment to 
its ordinary shareholders of further shares, and that it is required to find 
the present value, at say 5 per-cent, of the dividends for the next ten 
years in respect of a present holding on which a dividend of k has just 
been paid, on the assumption that the annual allotment of new shares 
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will be at the rate of two per-cent on the total number of shares existing 
at the date of each allotment. Here the dividends will form an annuity 
of which the payments increase in Geometric Progression with a 

1*05 

common ratio of 1*02, and will= 1 or *08 approximately. The 

present value of the dividends will, therefore, be roughly h X at 
three per-cent=^ X 8*53. The true value obtained by the formula 

1 — n 

^(1*02) • » would be ^ X 8*56. 

i'uo — 1*02 

32. The practical utility of replacing an increasing (or decreasing) 

annuity by an ordinary annuity at a changed rate of interest will 
be limited to those cases in which the rate of increase (or decrease) 
is only fractionally greater (or less) than 1. If the rate 

of increase exactly counteracts tlje rate of discount, and the present 
value of the increasing annuity becomes that of an ordinary 

k 

annuity of - calculated on the assumption that money yields no 

V 

interest, that is to say, in the case of an am lity to continue for 
Tile 

n yeai;^, — If r is >1 + /, i' becomes negative. This, of course, 

T 

means that the rate of increase more than counteracts the rate of 
discount, so that the present values of the successive payments ofc‘ 
the increasing annuity form a series of increasing quantities. In each 
of the last two cases the present value of the increasing perpetuity 
win obviously be infinitely great. 

33. A class of varying annuities of a more general type than either 
of those discus.sed in the preceding articles — and one which, in fact, 
includes most of the varying annuities that arise in practice — is that in 
which the successive payments form a series of which the rth term is a 
rational integral function of r. If the function be assumed to be of 
the ^?^th order, the present value of an ^^-year annuity of this type may 
be written in the form 

34. The summation of 'this series in any given case may be effected 
by repeated multiplications by I — v or iv^ for it is obvious that each 
multiplication by this factor will reduce the order of the function by 
unity. Take, for example, the case of an annuity whose successive 
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payments are the 2nd powers of the natural numbers. Here 

3V-I- . . . 

a(l — e;)=l«^ + 8i52-|-5t)3 4- . , . + (2w— 

«(l--y)2=tj + 2^2-1- 21)3+ • • • 4- 2t5”— (n^-f 2^^— 

and a= — 

If n be made infinitely great, th*s expression reduces to 
2_ 

t ^ v(l + v) 

or 

(1 — vy 

The infinite series V + ... is, in fact, the expansion 

of (14-i^)(l — 2^)“^ hi powers of v. 

35. When, as in the example just given, the function is of a low 
order — say the 2nd or 3rd — the process of reduction by successive 
multiplications by 1 — v does not entail much labour. For functions of 
higher orders, and for the development of the general theory, a different 
method of procedure must be adopted. This method, which involves the 
use of the calculus of finite differences, is discussed in Chapter X. 
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CHAPTER iV. 


Aitaltsis of the Annuity. 

1. In the preceding chapter the annuity has been considered as 
a given series of payments, of which it is required to find the present 
value or amount at a specified rate of interest. Conversely it may be 
regarded as the equivalent, in the form of a series of future payments, 
of a given present value or principal. Thus, an annuity ot* 1 per 
annum payable p times a year for n years is the equivalent, at the 

effective rate of interest of a given principal of — ; — . Hence, an 

Jm 

investor proposing to purchase an 7i-year annuity payable times a year, 
and intending to realize interest on the transaction at the eflective 

rate i, would expect to receive per annum for each unit invested. 

^n\ 

Similarly, the vendor of such an annuity, if willing to sell at a net price 
calculated at the effective rate i, would be prepared to give an annuity 

of per annum for each unit of the purchase-money. Investment 

ai\ 

transactions involving the payment of an annuity frequently occur in 
practice, and it becomes important, therefore, to analyze the successive 
payments of the annuity in order to determine how they should be dealt 
with, on an investment basis, by the respective parties to the 
transaction. 

2. In the Srst place, the present value of an annuity may be 
regarded as a fund which, if accumulated at the assumed rate of 
interest, will exactly provide the successive payments of the annuity as 
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they fall due. In the case of an ordinary annuity-certain payable 
annually 

(1^ t)an\ = l-hv + v^-h . . . . . . . ( 1 ) 

and in the case of a similar annuity payable p times a year 

(1-f t*p4- • • . • • (‘2) 

P ^ P pi 

These relations are merely the algebraical expression of what must 
obviously be the case, namely, that the accumulated amount of the 
purchase-money at the end of the first interval will provide the payment 
then due and leave in hand a fund equal to the present value of the 
annuity for the remainder of the term. Similar relations will clearly 
obtain for the second and subsequent intervals, until just after the last 

payment but one the fund will be reduced to aYj or as the case may 

PI 

be, which will exactly provide the final payment. It appears, therefore, 
that by investing the purchase-money at the effective rate i, and by 
keeping the residue of the fund, as diminished from time to time by the 
periodical payments, strictly invested at that rate, the vendor or grantor 
of the annuity will be enabled to meet the successive payments, while 
from the point of view of the purchaser or grantee the transaction is 
essentially the same as if he placed his principal on deposit, on the basis 
of interest at the effective rate i being allowed from time to time on the 
balance standing at his credit, and withdrew at the end of every year 

or -th of a year, as the case may be, an amount equal to the 
P 

periodical payment of the annuity. 

3. In the next place, an annuity may be regarded as a means of 
liquidating a debt carrying interest at the assumed rate, the original 
sum owing being the present value of the annuity. From this point of 
view each payment may be considered as consisting partly of interest on 
so much of the debt as was outstanding after the last preceding payment 
and partly of a repayment of principal. 

In the general case of a debt of an\ which is to be repaid, with 
interest at the effective rate by an annuity of 1 per annum payable 

p times a year, the interest for the first ~th of a year will be 
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* (vf • 1 

{ (1 -f t) P — 1 } a , wbicli = . Hence the principal contained in the 

1 1 — r" 

first payment of the annuity will ^ ‘ 

(p) . . 

principal outstanding after this payment will be Uni — which 


Similarly, the interest for the second -th of a year will be 
{(1-f ^, 4 ^ j which = — ~ — the principal contained in the 

second payment will be ~ ~ or - , and the principal 


outstanding after this payment will he ii — which = 

By proceeding in this way, the successive payments of the annuity may 
he divided into their component elements of interest and principal- 
repayments in the manner shown in the following schedule: 


r 

No of 

Principal owing 

Interest 

Principal 

interval 

at beginning 

for 

repaid at 

of interval 

intcM'val 

end of interval 

1 

<p) 

0,1,1 

- (1 -!)«) 

yn 



P 

P 

2 

(p) 

a fi 

hi-.-b 

V P 

• 

p' 

p 

p 

77 p 

(p) 

Olj 

p, 


1 

Vp 

p 

1 


1 

The final repayment of ^ pays off the balance of owing at the 

beginning of the npih interval, and the successive principal-repayments 
in the final column add up, as they ought to do, to the original amount 

of the debt, namely, an\ • 
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In the special case in which ^=1, the schedule will stand as follows: 


Year 

Principal owing 
at beginning 
of year 

Interest 

for 

year 

Principal 
repaid at 
end of year 

1 

^n\ 



2 

: j 


X „ vM-l 

yn-. 

n 

1 

l-v 

V 


Total principal repaid ... ... 


4 . On reference to the schedules given in the last article it will be 
seen that the successive repayments of principal are in Geometrical 

1 

Progression with a common ratio of (l-fi)pin the one case (where the 
annuity is payable p times a year), and of (1 + 0 in the other (where 
the annuity is payable annually). It may be readily shown that when 
a debt is being repaid by an annuity of equal periodical payments,, 
the successive repayments of principal must necessarily increase in 
Geometrical Progression. For let denote the principal included in 

the mth payment of an annuity of 1 per annum payable p times a year. 
Then the repayment of this amount will reduce by Ci?, the outstanding 

principal upon which interest has to be charged. Consequently 
the interest included in the (7;i + l)th payment will be less by 

{(1 + Op — 1}C- than that included in the ?7ith payment. Therefore,. 

the principal included in the (w^ + l)th payment — being the 

balance thereof after deduction of interest for the interval — will be 
1 

greater by {(1 + Op— l}C«i than that included in the mth payment. 
That is to say, 

C«i±i=C^ + {(l + 0»'“~ljf^- 

pp p 


or 


1 

Cw±i = (1 + 0 pC”? 

p t> 


• (3) 




ilrtt. JW.] RELATION BETWEEN PRINCIPAI-REPATMENTS. 

5. The relation between the principal repayments suggests an 
instructive method of finding the present value of an annuity-certain. 
For, since the successive repayments of principal form a Geometrical 

1 

Progression with a common ratio, of (1-h/)^ follows that 

Cn=^(l + i)n-lCi (4) 

p 

Now Cl, being the principal included in the first payment of the 

p 

If 1 'i (p) 

annuity, is = 1 . And, since the final payment of 

the annuity must exactly suffice to repay the principal outstanding at 
the beginning of the final interval together with interest thereon, it 
follows that 

-=(i+OJC„. 

p 

Substituting for Cn and Ci in (4) 

p 

1 — i^n 

whence • 

n /, 

JiP) 

6. It will be observed that the schedules of Article 3 give not only 
a law of relation between the successive repayments of principal, but 
also their absolute values. Thus: — 

1 - 1 

cv = P (5) 

V p ' 

and = (6) 

It follows, therefore, that any given payment of an annuity may be 
resolved into its component elements of principal and interest without 
reference to a complete schedule showing the respective amounts of 
principal and interest contained in each payment. Thus in the general 

case of a debt of an\ repayable with interest at the effective rate i by 
an annuity of 1 per annum payable^ times a year;— 


a 
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1 ”*-1 

The Principal contained in the wth payment p , 


1 / 

The Interest contained in the mth. payment =-^1 p J, 

And the Outstanding Principal justafterl^ 

the mi\\ payment/ • 


7. In practice loans are often made on the basis of the princip^, 
with interest at an agreed rate, being repaid by a terminable annuity. 
This mode of repayment is specially authorised or prescribed by Act of 
Parliament in certain cases, where loans are raised by local authorities 
on security of the rates or by life-tenants of settled estates for 
improvement purposes, and it is also not infrequently adopted when 
money is advanced on mortgage of depreciating securities such as 
leasehold j^roperty. 

In transactions of this nature a nominal rate of interest convertible 
half-yearly is usually charged, and the principal, with interest at that 
rate, is made repayable by an annuity payable half-yearly. If K be the 
amount of the loan, n the number of years over which the payments 
are to extend, and j convertible half-yearly, the rate of interest to be 
paid, then the uniform half-yearly payment to be made by the borrower 
K 

will evidently be where the annuity- value is to be taken at the 


7 

effective rate - ; the principal and interest included in the mi\i half- 
yearly payment will be and — (i— 2 ; 2 w-m+i) respectively, 

(^2n\ 

and the principal outstanding just after the wth payment will be 
— » where all the quantities are taken at the effective rate 

2 

The transaction, in fact, takes the form of the liquidation of a debt 
of K by means of an annuity extending over 2?^ intervals^ interest 

being at the effective rate of ~ per interval. 

2 


8. The successive payments of the annuity, in such transactions as 
those discussed in the last article, are subject to income-tax only to the 
extent of the interest element contained in them. It is usual, therefore, 
to insert in the deed creating the security a schedule showing the 
amounts of interest and principal respectively contained in each 
payment. If the borrower has the right to pay off the balance of the 
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loan at anj time during its currency — or, in other words, to redeem 
the remainder of the annuity on payment of a sum equal to the present 
value of the remaining payments calculated at the rate of interest 
payable on the loan — the schedule also serves the purpose of showing 
the amount payable on redemption at the end of each interval; if the 
borrower has no such right of redemption, and is entitled to re-purchase 
the remainder of the annuity only on terms acceptable to the lender or 
fixed by the deed, then the schedule must be regarded merely as 
showing how the amount of interest contained in each payment is 
arrived at, and not as fixing the amount of principal repaid. From the 
foregoing analysis it appears that the schedule might be construeted in 
any of the three following ways : — 

(i) by the method of Article 3 — that is, by calculating the 

interest for the first interval, deducting the result from the 
periodical annuity-payment in order to find the amount of 
principal contained in the first payment of the annuity', 
deducting this amount from the original debt and so 
obtaining the principal outstanding at the beginning of 
the second interval, calculating the interest for the second 
interval, and so on, from interval to interval. 

(ii) by calculating in the first instance tlie complete column of 

principal-repayments, and obtaining therefrom, by subtrac- 
tion, the columns of interest and outstanding principal. 
The principal repayments may be calculated either by 
reference to the fact that tliey form a series in Geometrical 
Progression (Art. 4), or by multiplying the periodical 
annuity-payment by the successive values of F (Art. 6) 


or, again, since 

1 1 (Id" O p — 1 

-v^-p = ~v^' ir + - p“, 

P P P 

by calculating their differences by multiplication of 
i 

{(ld-0^~“l} times the periodical annuity-payment, by the 
successive values of , and then obtaining the successive 

repayments by addition. Thus, in the practical case con- 
sidered in Art. 7, the column of principal repayments could 
be obtained 

K 

(a) by calculating the first repayment, viz., or 

^2»j 

K 7 

— - — and then obtaining the subsequent 

E 2 
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repayments by repeated multiplications by 
common ratio ^1+0* 


the 


(^) 

(0) 


by multiplying by 


&c., successively, or 


by calculating the differ ence& by multiplication ot’ 
j K 

by ^ successively, and then 

2 fl'an 1 * 


obtaining the second repayment from the first — 
calculated as in {a ) — and each subsequent repayment 
from that preceding it, by the addition of these 
difEerences. 

(iii) by constructing in the first instance the column showing the 
principal outstanding at the beginning of each interval ^ 
and obtaining the other two columns by subtraction. The 
successive amounts of principal outstanding may of course 
be obtaining by multiplying the periodical annuity-payment 
by the successive values of or, in the practical case of 

K 

Art. 7, by multiplying — by &c. 

^2n| 


In theory it is a matter of indifference which of these methods is 
employed, but in practice it will be desirable to select that one which, 
with the least expenditure of labour, minimizes the error resulting from 
the necessary limitation of the number of decimal places retained in the 
calculations. From this point of view the third method is inadmissible — 
on account of the comparatively large numerical values of the factors 
which have to be multiplied together to obtain the successive values of 
the outstanding principal — but any of* the other methods may be med 
(subject, as regards ii (b) and ii (<?), to a table of to a sufficient number 
of places to ensure approximate accuracy in the last working jdace 
retained being available) and their relative merits will depend on various 
practical considerations. Methods ii (b) and ii (c) lend themselves 

conveniently to the use of the arithmometer, because — in the one case 


I 


in the other can be set up on the fixed plate for the whole series 


ot' multiplications by ; they do not involve any accumulating error, as 
the successive repayments or their differences are independently obtained, 
but on the other hand in the case of (b) the accuracy of any particular 
repuyment does not prove that of the preceding repayments ; of the two 
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methods (c) has the advantages that the multiplicand is much smaller, so 
that fewer places are required in and that each product would be 
automatically added to the last principal-repayment, so that it would not 
be necessary to clear the slide after each operation. In many cases, 
however — especially when the half-yearly rate of interest is such that the 
half-yearly interest can he written down from the outstanding principal 
without any subsidiary calculations — it will be found most convenient to 
adopt method (i), checking the work at intervals by calculating in- 
dependently, and inserting on the working sheet at the outset, periodical 
values of the principal-repayments and outstanding principal ; if every 
tenth value be inserted, it will be sufficient to retain, in working, one 
more place of decimals than the number required in the final schedule. 
Whichever method be adopted it will as a rule be necessary to adjust the 
final figures by inspection. 

The process of construction may be illustrated by the following 
example : A loan of £1,000 is to be repaid in five years, with interest 
at 4 per-cent convertible half-yearly, by equal half-yearly instalments 
including principal and interest. It is required to construct a schedule 
showing, to three places of decimals, the amounts of principal and 
interest respectively contained in each half-yearly payment. 

The half-yearly payment will be , where the annuity. value is 

^iT| 

calculated at 2 per-cent, that is 111 '32653 ... If method (i) be 
employed, it will not be necessary to insert any intermediate values — as 
the term of repayment extends over only ten half-years — and the entire 
calculations will be as shown by the following working-schedule : 


Half-year 

No. 

Ontstaiiding 
rnnc.ipal 
at bpgiiiniDg of 
Half-year 

Iiiteref?t for 
Half-year 

Principal 
contained in 
Payment for 
Half-year 

1 

lOOO'OOOO 

2000)0 

91-3265 

2 

908-6735 

18-1735 

93-1531 

3 

815'5204 

16*3101, 

950161 

4 

720-5043 

14-4101 

96-9164 

5 

()23-5879 

12-4718 

98-8548 

6 

524-7331 

i 10*4947 

100-8318 

7 

423-9013 

8-4780 

102-8485 . 

8 

321-0528 

6-4211 

104-9055 

9 

216-1473 

4-3229 

107-0036 

10 

109-1437 

2-1829 

109-1436 

! 



999*9999 
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The process in this case is continuous ; each half-year’s interest is 
calculated on the principal outstanding at the beginning of the year, and 
the principal-repayment for the half-year is obtained by deducting the 
interest from the half-yearly annuity-payment — the latter being taken 
as 111*3266 for every third interval, beginning with the second, in order 
to allow for the 3 neglected in the third place of decimals. Consequently 
the approximate accuracy of the whole of the working is checked by the^ 
practical identity of the final principal-repayment with the principal 
outstanding at the beginning of the last half year. 

If method ii (c) be employed the difierences of the successive 

. / K . 

principal repayments must be calculated by multiplying , that is 

2*22653 by &c. It will be sufficient to take the latter to five 

places, and the results will be as follows ; 


Half-year 

No. 

Differeeces of 
Principal 
repayments* 

Principal 
repay men i 

1 

1*8265 

91*3265 

2 

1*8631 

93*1530 1 

3 

1*9003 

95*0161 ; 

4 

1*9383 

96*9164 ; 

5 

1*9771 

98*8547 I 

f) 

2*0166 

100*8318 I 

7 

2*0570 

102*8484 1 

8 

2*0981 

104*9054 

9 

2*1401 

107*0035 

10 

••• 

109*1436 



999'90'J4 


Here, again, the process of calculation is continuous, so that the last 
principal-repayment proves the rest. If, however, method ii (b) had been 
employed — in which case it would have been necessary to take to seven 
places — the check would have been the approximate identity of the sum 
of the repayments with the amount of the loan. 

To obtain the final schedule the results given by either of the 
processes employed must be cut down to three places of decimals. As 5 
has to be carried from the cast of the last column of figures in the 


*Iu practical calculation by the arithmometer the first principal-repayment, 
that is 91*3265, would he set up on the slide, and the differences would be 
mechanically added, so that this column of differences would not be taken out 
separately. 
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principal repayments in order to make the total 1,000, of the figures 
in the third place of decimals must be put up 1. These will obviously 
be the first, fifth, sixth, ninth and tenth. Hence the finally adjusted 
figures will stand as follows ; 


Half-year 

No. 

Outstiindiiig 
Principal 
at beginning of 
Half-year 

Interest for 
Half-year 

Principal 
contained in 
Payment for 
Half-year 

1 

1000-000 

20-000 

91-327 

2 

90S-673 

18-174 

93-153 

3 

815-520 

16-311 

95-016 

4 

720-504 

14-411 

96-916 

5 

623-588 

12-472 

98-855 

6 

624-733 

10-495 

100-832 

7 

423-901 

8-479 

102-848 

8 

321-053 

6-422 

104-905 

9 

216-148 

4-323 

107-004 

10 

109-144 

2-183 

109-144 

i 

5663-264 

113-270 

1000-000 


In the case of a schedule constructed by method ii (b) or ii (c) some 
check upon the accuracy of the outstanding principal and the interest is 
necessary. This may be obtained either by method (i), or by addition, 

Iv 2^^ — 

since the sum of the outstandinsf principal colunan= — • . and 

a^\ h 


-4 


2^1 

that of the interest column =:K( — 

It will be found, in some cases, when the schedule is complete, that 
the interest is occasionally slightly in excess or defect of the correct 
amount. This is an unavoidable result of the half-yearly payment being 
taken to a limited number of places. 

If the original figures be expressed (as will usually be the case) in 
pounds, shillings and pence, correct to the nearest penny, similar 
principles of adjustment will apply. 

In the case of an annuity bought as an investment (as distinct from 
one created merely as a means of repaying a loan) the whole periodic^ 
payment would usually be subject to tax, and the division o£ Jme^ 
successive payments into interest and capital must be based 
payment. Thus, if a 5 -year annuity of £117. 3^. 8d. balf-^^my^^vjj^ 
bought at £1,000 to pay 2 per-cent net half-yearly, tax behprg^^^ra^dae 
schedule would be as above. If the tax were altered durjrffg^H^cj^ency 
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of the annuity, the difference in the net payment would have to be added 
to or taken from the interest— unless a new schedule were constructed. 

9. In the analysis of Article 3 it has been assumed that the 
balance of each annuity-payment after deduction of interest will be 
applied directly to reduce the amount of the debt. The purchaser of 
the annuity may, however, prefer to deal with the payments of the 
annuity in a different way. Instead of periodically writing down the% 
principal as each payment is made, he may leave it at its original 
amount until the end of the term and carry to a separate capital- 
redemption account so much of the periodical annuity-payment as is 
not required for interest ; the sums thus carried to a separate account, 
being available for investment, will of course accumulate at compound 
interest. Under this mode of dealing with the transaction a uniform 
amount out of each annuity-payment will be required for interest (since 
the original principal is treated, for purposes of account, as outstanding 
throughout), and consequently a uniform amount will remain to be 
carried to capital redemption account at the end of each interval and 
accumulated at compound interest. This uniform sum periodically 
transferred to the redemption account is called a sinking-fund. 

In the case of a loan of repayable, with interest at rate e, by an 
annuity of 1 per annum payable p times a year for n years, each 


payment of the annuity will provide for interest and 

{(1-f ^)p— for sinking fund. Now 


1 1 . <P) <^n\ 

P P 


Hence, the sinking fund, if accumulated at rate f, will amount at the 

^p) 

end of n years to ^ X Sn\, that is, to which will exactly repay 

the principal of the loan. Further, the accumulations of the sinking- 
fund at any intermediate period, say after m years, will amount to 

and the deduction of this sum from the original principal 

(p) 

would leave which may easily be shown to be equal to 

appears, therefore, that, as should obviously be the case, the 
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balance of the original principal after deduction of the sinking-fund 
accumulations is the same as the principal outstanding as ohtamed by 
the method of Article 3. In fact, the two methods of dealing with 
the annuity-payments differ only in form ; in the one case the sinking- 
fund is carried to a separate account and accumulated at compound 
interest, while in the other it is invested in reducing the amount of 
principal. 

10. In the foregoing article the amount of the loan has been taken 
as an\ and the annuity as 1 per annum payable p times a year. If the 


amount of the loan be taken as unity, the annual annuity-payment 
required to repay the principal in n years will be the annual 

1 . 1 

interest will be /, and the sinking-fund will be that is or — . 


The algebraical identity 


1 . 1 

— — ^ q 


( 7 ) 


shows, therefore, the relation between the annuity which 1 will 
purchase and the annual payment which will accumulate to I in n 
years, and expresses the fact that the annuity-payment must provide 
(a) interest on the amount invested and (b) the necessary sinking-fund 
to replace the invested capital on the expiration of the annuity. 

In the case of a loan of K repayable in n years, with interest at 
rate j convertible half-yearly, by an annuity payable half-yearly the 
constituent elements of the half-yearly annuity-payment will be given 
by the formula 

K _ ^ K 

2 S2n\ 


where a^\ and 55 ^ are taken at the effective rate ~ . 

11. It will be observed that in Article 9 it has been assumed 
that the sinking fund will be accumulated at rate /, that is, at 
the rate realized on the invested capital. In the ordinary formula 
for the present value of the annuity no question arises as to how that 
part of each payment representing a repayment of the invested principal 
is re-invested, because it is implicitly assumed that the principal 
repayments go to reduce the outstanding principal — in accordance with 
the analysis of Article 3 — and cease forthwith to bear interest in 
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connection with this particular transaction ; in fact, from the investment 
point of view the transaction is one under which the investor has a 
gradually diminishing amount of capital invested. In the analysis of 
Article 9, on the other hand, it has been assumed that the investor is 
to obtain interest at rate i, not merely on so much of the debt as may 
remain owing from time to time, but on the whole of the original 
principal throughout tlie entire term of the annuity, and this assumption 
involves the accumulation of the sinking fund at that rate. Obviously, 
if the sinking fund were not invested at so high a rate, and the investor 
were in the meantime to take interest at the full rate i on his original 
principal, the sinking fund accumulations at the end of the term of the 
annuity would be insufficient to replace the invested capital. The 
question therefore arises, what price should be paid for an ^i-year 
annuity of 1 per annum in order that the purchaser may realize interest 
on the whole of the purchase-money for the entire term of the annuity 
at rate and replace his invested capital by means of a sinking fund to 
be accumulated at some other — usually lower — rate i ? Formula (7) at 
once suggests the answer. If the invested capital be taken as unity, a 

year’s interest wil) be i' and the annual sinking fund must be ™ , where 

is calculated at rate i. Hence, if the present value of the annuity 
under the specified conditions be denoted by 


1 

— * + g-| — 




( 8 ) 


That is to say, the annuity per annum which 1 will purchase on this 
special basis = the annuity per annum which 1 will purchase on the 
ordinary basis at rate ^^-the extra annual interest to be realized by the 
purchaser on the investment. 

The corresponding relation for an annuity payable p times a year 
will take different forms according as the interest included in each 

periodical payment is assumed to be (a) interest for i th of a year at 

the effective rate or (Z>) such that the total interest received in each 
year would, if accumulated to the end of the year at rate provide a 
year’s interest at rate In the first case 

jp)(i'&i) + 4 - ^ 

==■ 4 ) + + 
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and, in the second case, 


1 _ ^ JL 

(p){i'&i) ““ (p) + jp) 

«nl ^l| ^nl 

__ l + 

n\ 


From formulas (8), (9) a and (9)h it follows that 


1 + ^'^n\ 1 + ( 2^^ — «« I 


(9)6 


( 10 ) 




and 

on assumption (a) . 

c<r) 

or 

on assumption (6) . 


. (ll)a 

. (11)6 


When two rates of interest are employed, as in the foregoing 
investigation, they are usually distinguished as the remunerative and 
reproductive rates respectively — i' in the case considered above, 
being the remunerative rate and i the reproductive rate. 

12. It has been shown that the periodical payment of an annuity 
calculated on the assumption that the reproductive rate differs from the 
remunerative rate is equal, for a given invested capital, to the periodical 
payment of an annuity calculated in the ordinary way on the basis of 
the former rate together with interest on the invested capital at a rate 
equal to the excess of the remunerative rate over the reproductive rate. 
Hence it follows that the analysis of the annuity based on a remunerative 
rate i' and a reproductive rate i is the same as that of an ordinary 
annuity based on the single rate ^, except that the interest portion of 
each payment will include interest at rate {i’ —i) on the whole of the 
original principal as well as interest at rate i on the outstanding 
principal, or, what is the same thing, interest at rate (i'^i) on the 
principal repaid as well as interest at rate i’ on the outstanding 
principal. 

Thus, in the practical case of a loan of K repayable by an annuity 
payable half-yearly for n years, the remunerative rate beings"' convertible 


half-yearly and the reproductive rate j convertible half-yearly, the 

IC TC 

half-yearly annuity payment will be -3- + the principal and 

a2n\ ^ 
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interest contained in the wth half-yearly payment will be 


^2^ 


K IC 

and — .(1 — y2»~w+i) -I- respectively, the principal outstanding 

I 

just after the wth payment will be , and the principal repaid 

«2n| 

will be » all the present values in these expressions 

«2ul 

.7 

being calculated at the effective rate On comparison of these 


expressions with those given in Art. 7 it will be found that the only 
differences are in the amount of the annuity-payment and the periodical 
interest. The effect of the lender realizing the higher remunerative 
rate instead of the lower rate j at which the sinking fund can be 
accumulated, is that the half-yearly annuity-payment and the interest 

K 

contained in each instalment are increased by — 0*'— y), as compared 

with what they would be if the annuity were calculated in the ordinary 
way aty convertible half-yearly. 


Since ^ + 1 (/_y) =|-„| I {j'-J) 


2 a^i\ 


«2w-m+il + 3 (/ — j) 


wi+ll) 


it will be seen that, as has already been stated, the interest for each 
interval is equal to the interest at the remunerative rate on the 
outstanding principal together with interest at a rate equal to the 
excess of the remunerative over the reproductive rate on the principal 
repaid. 

13. In constructing a schedule showing the interest and principal 
contained in the successive payments of an annuity calculated to pay 
one rate of interest on a loan and to admit of the replacement of capital 
at another, it will merely be necessary to construct a preliminary 
schedule in the ordinary way at the latter rate and to increase the 
amounts in the interest column by the extra interest on the whole loan. 
Suppose, for example, that in the case considered in Art. 8 the 
annuity had been calculated to yield the lender 5 per-cent convertible 
half-yearly on the entire loan for the whole duration of the transaction 
and to admit of the replacement of principal at 4 per-cent convertible 
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half-yearly. The half-yearly annuity-payment would then have been 
111‘32653. .. +*005x1000, which =116*32053..., and the final 
schedule would have stood as follows — 


Half-year 

No. 

Outstanding 
Principal 
at beginning of 
Half-year 

Interest for 
Half-year 

Principal 
contained in 
Payment for 
Half-year 

1 

1000 

25 

91*327 

2 

908*673 

23-174 

93*153 

3 

815*520 

21*311 

95*016 

4 

720*504 

19*411 

96*916 

5 

623*588 

17*472 

98*855 

6 

6*24*733 

15*495 

100*832 

7 

423*901 

13*479 

102*848 

8 

321*053 

11*422 

104*905 

9 

216*148 

9*323 

107*004 

10 

109*144 

7*183 

109*144 


It will be observed that the interest for each half year— although most 
simply obtained by adding 5 to the interest given in the schedule of 
Art. 8 — may also be considered as made up of 2J per-cent on the 
outstanding principal and ^ per-cent on the principal repaid. Thus, for 
the 9th half year, 9*323= 025 x 216*148 + *005 X 783*852. 

14. It will be understood that the expressions “ principal repaid 
and “principal outstanding” are employed, in connection with an 
annuity based on differing remunerative and reproductive rates, in a 
purely technical sense, and that they do not necessarily or usuaUy 
define any practical relations between the parties to the transaction. 
They are merely introduced for purposes of analysis to show how much 
of each payment is of the nature of interest and consequently subject 
to income-tax. Different remunerative and reproductive rates may 
occasionally arise in practice, as, for example, when a purchaser has 
bought an annuity to pay a high rate of interest and prefers to treat it 
for purposes of account as yielding a somewhat lower rate for the 
entire term on the whole invested capital and admitting of the replace- 
ment of capital at a still lower rate, but they very seldom form any 
part of the contract between a borrower and a lender. In the practical 
example discussed in the last article it is obvious that if the transaction 
were a loan, subject to the ordinary right of redemption, the borrower 
would pay off the outstanding balance long before the expiration of the 
term of the annuity ; 4 per-cent convertible half-yearly being by 
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hypothesis the rate at which re-investments can he made, and, therefore^ 
the rate at which money could he borrowed on reasonable security, it 
would not suit the borrower to pay the high and increasing rates (as 
compared with the principal nominally outstanding) exhibited in the 
latter part of the schedule. A transaction involving different 
remunerative and reproductive rates must, in fact, be regarded as of the 
nature of a sale and purchase, rather than a loan. If, therefore, in the^ 
case of an annuity based on two rates of interest either party desires, 
or both desire, to terminate the contract, the terms of re-purcliase — 
apart from any special provision in the security — will generally be a 
matter for negotiation. Either party is entitled to the complete 
fulfilment of the contract, and the amount to be paid by the original 
grantor of the annuity for the re-purchase of the remaining instalments 
will have to be settled by agreement. 

Three formulas suggest themselves as affording reasonable bases 
for negotiation. To fix ideas, consider the case of an annuity of 1 per 
annum payable annually for n years and originally bought at the price 

of <*^'**^ <^1* y— — > to pay on the purchase-money for the entire 

^n\ 

term of n years, and to admit of the replacement of capital by a 
sinking fund accumulated at rate and suppose that the annuity is to 
be redeemed just after the ^th payment. Then : 

(i) If the vendor desires to re-purchase, it appears reasonable 

that he should put the purchaser in a position to buy a 
similar annuity for the remaining (ti— years in the open 
market. The rate at which re-investments can be made 
being, by hypothesis, i, it may be assumed that this is the 
rate at which an annuity could bo bought on the ordinary 
basis. Hence in this case the re-purchase price would be 
calculated in the ordinary way at rate i, 

(ii) If the purchaser desires to obtain the immediate use of his 

invested capital it may be considered that he ought to give 
the vendor credit for the entire accumulations of the 
sinking fund — that is, for the principal technically assumed 
to be repaid — and to accept the balance of his invested 
capital in commutation of the remaining payments of the 
annuity. On this basis the re-purchase- price would be 
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A 


AO 


(iii) If both parties desire to close the transaction it may be 
argued that the purchaser should sell back the remainder 
of the annuity on the basis on which he originally bought 
it, that is, at a price to yield rate i' and to admit ot* the 
replacement of the principal at rate i. In these circum- 
stances the re-purchase-price would be 


n-n 


or 


1 



Let the amounts to be paid on re-purchase on these three bases be 
respectively denoted by Iti, and E3. 


Then 


Hence 


Ei=«,Tr7i=«„— 

Ii,= A - 




-hi' -hi'— i 

n-t', ®»-(| 


gjTTI _ 


K, 


l+(*'— l + (i'— »)"SrTi 
11i=E 2+ (»'-0«irrri • 

= E3 + (i' — i) ajTTi • E3 


These relations bring out clearly the differences between the three 
methods of calculating the re-purchase price. In the first case the 
purchaser receives the full present value of the remaining instalments of 
the annuity. In the second case he gives up the extra interest which he 
would have obtained during the remaining years on the whole of 
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his original capital if he had retained the annuity, the present value of 
this extra interest being X In the third case he gives 

up the extra interest which he would have obtained during the remaining 
(n— ■^) years on the sum actually paid to him by the vendor for the 
re-purchase of the remainder of the annuity, the present value of this 
extra interest being Obviously, Ej gives the 

largest and E2 the smallest re-purchase price, the result given by E^ 
being intermediate in amount. In practice the price obtainable on 
re-purchase of such an annuity as that under consideration may be 
expected to be determined almost entirely by the market rate of interest 
obtainable on similar security, that is — on the assumption that the 
reproductive rate coincides closely with the market rate — to approximate 
to El rather than E2 or E3, for the purchaser, if desirous of realizing, will 
generally be able to find some third party who will be willing to take 
over the investment in the event of the original vendor not wishing to- 
re-purchase. Hence the formulas E2 and E3 must be considered as 
chiefly of theoretical interest. 

16 . So far, the investigation of the present chapter has been confined 
to the case of an ordinary immediate annuity, but it is obvious that 
similar methods of analysis may be applied to any definite and certain 
series of payments. Any such series of payments may be regarded as 
the equivalent — at the rate of interest employed in the calculations — of 
its present value, and the successive payments may be divided into their 
component elements of principal and interest. The general principle 
to be observed )8 that so much ot each payment as is not required for 
interest will be applicable to the reduction of the outstanding principal. 

16 . In order to find the present value of a series of payments, other 
than an ordinary immediate annuity, to pay interest at one rate on the 
w^hole invested capital until the final payment of the series has been 
made, and to admit of the replacement of the capital by a sinking-fund 
accumulated at another rate, it will, in general, be necessary to proceed 
by a difierent method from that of Art. 11 . Let the successive annual 
payments be ii\y W3 . . . tin — the entire series extending over n years. 
Let the remunerative and reproductive rates be and i respectively, and 
let the present value of the series of payments on the special basis be 
ai'&i- further, let it be assumed that none of ihe quantities Wi . . . is 
less than Then, since the balances of the successive payments 

^i'ter deduction of interest on the invested capital are to be invested 
and accumulated at rate i to replace the capital at the end of n years, 
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whence 


i'fti Wi(l+ 0”~^ + - ' •+«'« rui f . . 


l + 2^Vl 




( 12 ) 


That is to say, the present value of the series of payments on the special 
basis under discussion is equal to their amount at rate i divided by 
or their 'present value at rate i divided by 1 + (i' — 


From this general result it follows at once that 


k i) . 


_ 


l + »'s,Ti !+(*'— *)«'a 

as in Formula (10). 

It will be observed that the validity of Formula (12) depends on 
none of the payments being less than i'a*' ^ *. For, if any one of the 
payments — say — is less than then the method by which 

Formula (12) is obtained would implicitly involve either that the balance 
of the year’s interest could be borrowed for the remainder of the term 
at the reproductive rate or that it could be withdrawn from existing 
sinking-fund accumulations, and neither of these assumptions is justified 
by the fundamental condition that the sinking-fund can be invested and 
accumulated at rate i. In fact, the condition is a practical one, 
and cannot be supposed to apply to a negative sinking-fund. 

In any given case, therefore, if it be found that any of the series of 
payments would be insufficient to provide interest on the value as given 
by Formula (12), the result must be rejected as incorrect for practical 
purposes, and the value must be sought by other methods — in general by 
trial and error. In some cases it will be obvious at the outset that the 
method under discussion will not be applicable. Suppose, for example, 
that it is required to find the value of a deferred annuity to pay rate i' 
on the capital invested, and to admit of the replacement of the capital by 
a sinking-fund invested at rate i. Here no sinking-fund can be formed 
until the aniuiity begins. During the period of deferment the investor 
will have to capitalize the interest, and since he requires interest at the 
remunerative rate on his whole invested capital this capitalized interest 
must be accumulated at rate i’. Hence the required value — say — 
will be given by 

t' k i 






; whence 




1 + (*'—*') 
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CHAPTER V. 

On THE Valuation of Debentures and other Securities — 
Miscellaneous Problems. 

1. It is proposed in tins chapter to consider the application of the 
Theory of Compound Interest to some representative examples of that 
class of problems in which it is required to find the present value of a 
given obligation or combination of obligations, or the terms of a 
given transaction, in order that a specified rate of interest may be 
realized. It does not come within the scope of this work to consider 
the nature of the security for the due fulfilment of the conditions of the 
contract in any particular case, or the legal incidents affecting an}^ such 
contract, or the rate of interest which may properly he employed in 
valuation. It will be assumed in all cases that the payments provided 
for under any given contract will be certainly made at the stipulated 
dates, and it will be understood that the rate of interest that may be 
used in any example is employed merely for purposes of numerical 
illustration without reference to its applicability to the particular 
security in question. 

2. The must important problems of the class under consideration 
are those that arise in connection with the valuation of redeemable 
securities — that is to say, securities under which there is an obligation 
or an option (exercisable by the debtor) to pay a given sum on a given 
date, and an obligation to pay in tlie meantime a fixed periodical 
dividend. 

3. Ordinary Stocks and Shares do not lend themselves to exact 
valuation at a specified rate of interest owing to the liability of the 
dividends to fluctuate from year to year, and preference, guaranteed and 
perpetual debenture stocks — or, in fact, any pre-ordinary stocks carrying 
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a fixed annual dividend without any express provision for repayment of 
the capital — may obviously be valued by simple proportion ; for example, 
the present value, to pay 3 per-cent convertible half-yearly, of a 5 per-cent 
perpetual preference stock on which the dividends are payable half- 

* 2 -- 

yearly — the next being due in six months’ time — would be 100 x — or 

ia 

106 0 j)er-cent, and the present value of the same stock to pay 3 per-cent 
2U14- v/rOS'i 

effective would be 100 x — or 107*9 ; if the next dividend 

3 

fell due in less than six montl)s it would merely be necessary to 
accumulate the present value as obtained by the method just explained 
for the period elapsed since the due date of the last dividend. 

4. The valuation of redeemable securities presents a more complex 
problem inasmuch as the arrangements in regard to redemption have to 
be taken into account. As a preliminary to the investigation of the 
subject the following general points may be mentioned : 

(i) When the price at which a debenture or other security is 

redeemable differs from its nominal amount, it is the former 
which must be taken into account in the valuation of the 
security. Apart from the bearing it may have upon the 
rights of the holder in the event of a winding-up — a 
contingency which will be disregarded here — the nominal 
amount of a debenture, in such a case as that under 
consideration, is of no importance except as a factor in the 
determination of the amount of the periodical dividend. 
Thus, a debenture for 100 bearing interest at 5 per-cent 
payable half-yearly and redeemable at the end of 15 years at 
110 represents, for present purposes, a contract to pay 110 
at the end of 15 years and 2 J half-yearly during that period ; 
the fact that the debenture is nominally for 100 merely 
assists in fixing the amount of the half-yearly dividend. 

(ii) The so-called “rate of interest” on a debenture has no 

necessary connection with the true rate of interest employed 
in valuation, and would be more conveniently termed a 
“rate of dividend.” Like the nominal amount of the 
debenture it should be regarded merely as a factor in the 
determination of the periodical dividend. In the case of a 
debenture bearing interest at, say, 5 per-cent payable half- 

F 2 
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yearly, it would be incorrect to regard this rate as a nominar 
rate, and to treat it as equivalent to an effective rate of 
(1*025)^ — 1, unless the true rate of interest employed in- 
valuation were also 5 per-cent convertible half-yearly. Ih 
general, the equivalent annual dividend per-cent in such a 
case would be 24 x 1} where i is the true rate of 

interest employed in valuation. Thus in the example of 
Art. 3 the equivalent annual dividend has been taken as 
2i(l-f yr03), not as 5*0625. 

(iii) When a debenture is only redeemable at the option of the 
debtor, it will be necessary in valuing the debenture at an> 
effective rate of interest less than the ratio of the equivalent- 
annual dividend to the price at which the debenture would 
be redeemable to assume that the option to redeem will be- 
exercised, and in valuing it at an effective rate exceeding 
that ratio to assume that the option will not be exercised. 
The reason for this will be best seen by consideration of an- 
actual example. Take, for instance, the case of a debenture 
bearing interest at 5 per-cent payable annually and redeemable- 
at the option of the issuing company at 125, so that the 
ratio of the annual dividend to the redemption price is 
4 per-cent. The issuing company is, in this case, practically 
in the position of owing a sum of 125 — repayable or not at- 
its option — upon which it pays interest at the rate of 
4 per-cent. If, now, the credit of the company or the 
nature of the security is such that the debenture would be 
valued by an investor at a lower rate than 4 per-cent, it is 
probable that the company could re-borrow at a rate of less 
than 4 per-cent, while, if the converse were the fact, it is 
probable that the company would have to offer a higher rate 
of interest than 4 per-cent if it sought to raise money to repay 
its existing debentures. Hence, in the first case, it may be 
assumed that the option would certainly be exercised; and iii; 
the second case, that it would not be exercised. 

6. To proceed now to the problem of valuation. It will be 
convenient to begin with the case of a debenture or other security under 
which the principal is redeemable in one sum. 
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Let Cl represent the price to be paid on redemption. 


ni 


Ki 


A 1 


the number of years at the expiration of which the 
security becomes redeemable, 
the present value of Ci due years hence at the 
rate of interest employed in the valuation of the 
security. 

the ratio of the dividend annum to Ci . 

tile present value of the security, including 
brokerage or commission and any other costs 
incidental to purchase. 


Tlien, if the security be definitely redeemable at the expiration of 
ni years, and the dividend be payable p times a year — the next dividend 

being due -th of a year hence — the purchaser will be entitled to a sum 

p 

•of Cl payable at the end of ni years, and a periodical dividend of — * 

payable at the end of every -th of a year throughout the period of 

Hi years, or, in other words, an annuity of yCi payable p times a year 
for Wj years. Hence the value of the security to pay the effective rate i 
will be given by the formula 

( 1 ) 


■or, since 




j(p) 




1 — 
Jip) 


Jw 


«K.4- ^(C,-K0 

JiPi 


( 2 ) 


where Ki represents the present value of the capital repayable. 

By substitution of f — 1 for *, it follows that the value of 

the security to pay the nominal rate j convertible m times a year will 
be given by the formulas 
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or A,=K.+ (r,-K,) .... (4) 

where in the latter formula Ki is to be calculated at the nominal rate 
j convertible m times a year. 

6. If m be put= 2 ^, formulas (3) and (1) take the form 

Ai=CiPP"i+^^'ff,^i (5) 

or A: = K,-|-|(C.-K,) (G) 

j ^ 

where and aj^\ are to be calculated at the effective rate - , and Ki 

F 

represents the present value, at the nominal rate j convertible p times a 
year, of Ci due ni years hence. 

It appears, therefore, that the present value of a security sucli as that 
under consideration, at a nominal rate of interest convertible ivifh the 
same frequency as that loith xohich the dividend is payable, may in all 
cases be written in the simple form 


K,+ '{(C.-K,) 


where is the given nominal rate of interest and Ki is the present value, 
at that rate, of the capital repayable. This result admits of a simple 
verbal proof. For if the dividend were at the rate of j per unit per 
annum, payable p times a year, calculated on Ci, it is obvious that the 
present value of the entire security to pay the xmte of interest j 
convertible p times a year would be Ci, and since the 2 )resent value of 
due Ui years hence is, by definition, Kj, it follows that the present value 
of a dividend of yCj j^er annum payable p times a year, for the term of 
fti years, would be Ci — Ki . By simple proportion, the present value of a 
dividend of 1 per annum payable p times a year for the term of years 


would be present value of a dividend of yCi per annum 
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payable p times a year for ni years would be gCi x ^ or (Ci~- Ivi). 

J 

But the present value of the entire security is the sum of the present 
value of Cl due Ui years hence, and the present value of a dividend of gQi 
payable p times a year throughout the term of years. Hence 

A,=K,+ |(C,-K0 

Formula (2) may be established bv precisely similar reasoning, if be 
written for and if it be remembered that the ])resent value of the 
security at the elfective rate i is the same as its value at the corresponding 
nominal ratey^p,. 

7. In the special case in which y?=w=l, when the problem becomes 
that of finding the present value, to pay the effective rate i, of a security 
yielding an annual dividend of yCi and redeemable in Ui years at the 
price of Ci , the alternative formulas take the form 


= (7) 

and A,= Ki+^(C,-K,) (S) 


6 , 111 practice the periodical dividend (commonly called “interest’*) 
is almost invariably paid half-yearly or quarterly. 

If it be paid half-yearly the value of the security to pay the elfective 


rate i will bo 

Cir^i~\-gCian^l ( 0 ) 

or (C’l — Kj). . , , . . (10) 

while the value to pay the nominal rate J convertible half-yearly^ may 
be written in the form 

( 11 ) 

or Im+^.(C,-K0 (12) 

•7 


'I 

where and are calculated at the effective rate ~ and Ki is 

written for CiV^i. 
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Similarly, if the dividend be paid quarterly, the value of the security 
to pay the e:ffective rate i will be 

(13) 

or (14) 

./( 4 ) 

and the value to pay tlie nominal rate j convertible quarterly may be 
written in the form 

C 

(15) 


or 


K,+ ^.(C,-K,) . 
J 


(16) 


where and are both to be calculated at the effective rate - , and 

4 


Ki is written for 

9. On comparison of the alternative formulas given in the foregoing 
articles, it will be observed that in each case the first formula entails the 
calculation of two quantities, namely, the present value of 1 due rii years 
hence and the present value of an ^i-year annuity; while the second 
formula involves the calculation of only the single quantity Ki. 
Consequently, in any case where the rate of interest employed, or the 
value of is such as to necessitate the actual calculation of it will 
clearly save labour to use the second formula. But when all the 
required quantities are tabulated, it will generally be found more 
convenient to employ the first formula, or, what is the same thing, to 
dispense with a formula and to write down the value by reference to the 
general principle that the present value of the entire security is the sum 
of the present values of the capital repayable, due at the end of the 
term, and of an annuity of the dividend. For example, if it be required 
to find the present value, at 4 per-cent convertible half-yearly, of a 
debenture for 100 bearing interest at 5 per-cent payable half-yearly and 
redeemable in 20 years at 105, it is simpler to write down the value as 
2’5^r4o| at 2 per-cent, and to turn up and a^\ in the 

2 per-cent tables, than to go tlirough the process of putting y= 

lUo 


and using the general formula Ivi-j- (Ci-* Ki). 
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10. When a redeemable security is bought to pay a rate of interest 
lower than the ratio of the dividend to the redemption price — that is, if 
j be < g where interest is convertible with the same frequency as that 

with which the dividend is payable, or if i be < gs^i where interest is 
convertible yearly and the dividend is payable p times a year — it is 
clear that the price paid for the security will exceed the redemption - 
price; in these circumstances, the security is said to be bought at a 
premium. In the notation of Art. 5, the premium will be Ai — Ci. 
Now, if the rate of interest employed in valuation be j convertible p 
times a year, and the dividend be payable with the same frequency, 


Aj — Cl — — C] -f- — — 

V 

j 

where and are to be calculated at the effective rate - , 

p 


(y-y)C. 


• • 


Or, if h be the premium per unit on the redemption-price, 


(17) 

This equation expresses the fact that the premium per unit is equivalent 
to an annuity, at the rate employed in valuation, of the excess of the 
dividend per annum over the valuation rate of interest. It is obvious 
that this must be the case, for the present value, to pay j per annum 
convertible p times a year, of each unit of capital repayable, together 
with a dividend of j per annum payable p times a year, will clearly be 
unity, and the extra value — or premium — due to the dividend being at 
the rate of y, instead of j, per annum must be the present value of an 
annuity of the excess of g overy for the term during which the dividend 
is payable. In general, if a debenture redeemable in n\ years, and 
bearing interest at the rate of g per unit per annum on the redemption- 
price payable p times a year, be bought to"" pay the effective rate /, tlie 
premium, per unit of the redemption-price, paid by the purchaser, will 
be given by the formula 

/'-•= ( 5 - -./(«) 

11. In the investigations of Arts. 5 to 10, the security has been 
assumed to be certainly redeemable on the expiration of the specified 
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term of years. On this assumption, the resulting formulas hold 
equally whether the rate of interest employed in valuation is less or 
greater than the rate of dividend — except that in the latter case the h of 
Art. 10 becomes negative^ and the security may be said to be bouglit 
at a discount on its redemption-price. If, however, the security ho 
only redeemable at the option of the debtor, tlie distinction explained in 
Art. 4 (hi) must be borne in mind; for valuation at a rate lower 
than the ratio of the dividend to the redemption-price, all the formulas 
(1) to (18) will hold good, but in valuing the security at a rate 
exceeding that ratio it must be assumed that the option to redeem will 
not be exercised, in which case the value of the security will be merely 

that of a perpetuity of the dividend, namely, ^ or — . ^ according as an 

Jm J 

effective rate or a nominal rate convertible p times a year is employed. 

12. It will be convenient, at this point, to consider some actual 
examples of the valuation of securities of the class under consideration, 
which includes the various British, Indian, and Colonial Government 
Securities, many British, Colonial, and Foreign Municipal Stocks, the 
majority of American Kailway Mortgage Bonds, and numerous Brewery, 
Commercial and other Debentures. 

13. Take, fii'st, the case of Consols. In this ease, dividends are 
l)ayable quarterly, at the rate of 2| per-cent per annum, on every 
5 January, April, July and October, and the Stock is redeemable at par 
on or after 5 April 1923 at the option of the Government. Hence the 
value to pay any rate of interest exceeding 21 per-cent convertible 
quarterly will be that of a perpetuity of 2^ per-cent per annum payable 
quarterly. For example, the value per-cent as at 5 April 1915 to pay 

X 100. If, however, the 

value were required to pay less than per-cent convertible quarterly, it 
would be necessary to assume that the option to redeem will certainly be 
exercised. Thus, to pay 2J p)er cent effectivcy the value per-cent at 
5 April 1915 would be, by Formula (2) and Table VII 
100 0^ + 1 *00933 (100 - 100i;8) 

where is to be calculated at 2-1 per-cent effective. Again, to pay 
2^ per-cent convertible quarterl}" the value at the same date would be, 

by Formula (17), 100(1 + 


S\ per-cent convertible quarterly would be 
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where the annuity-value is to be calculated at per-cent effective. 

The value at any one of the quarterly dividend-dates to pay 24 per- 
cent convertible quarterly — that is, the same rate as the rate of 
dividend — would of course be par. 

The numerical values corresponding to the various rates specified 
above are shown in the following table, and it will be noticed that the 
assumption of a lower rate than the rate of dividend makes very little 
difference in the value — owing to the shortness of the term before the 
redemption-option becomes exercisable. 


Value o/lOO Consols at 5 April 1915 to pay the under-mentioned ralts. 


por-cent 

convertible quarterly 

2^ l)<»r-ceiit 
con verti ble quai terly 

por-cPiit 

eilcctive 

2V per-cent 
convertible (juarterly 

76 923 

100000 

100 107 

101 •82(5 


14. Consider next the following British Government Securities: 


Local Loans 3 per-cent Stock redeemable at par at one month’s notice 

Transvaal 3 per-cent Guaranteed Stock redeemable at j)ar on 
1 May 1953 (or on or after 1 May 1923) 


interest being payable quarterly on 5 January, April, July and Octobm' 
in the case of the former, and half-yearly on 1 May and November in 
the case of the latter. 

The values per-cent of these Stocks to pay 3J per-cent convertible 
half-yearly, on 5 April 1915 and 1 May 1915 respectively, will he 
as follows : 


Local Loans 3 per cent ... 


which =86*088. 
Transvaal 3 per-cent 
which =89*536. 



1^ per-cent effective 


or 


A/i-Ol754-l) 

0175 


100— at 1^ })er-ccnt 


The two nnst important Indian Government Loans — theSJ per-cents 
and the 3 per-cents — are both redeemable on or after specified dates at 
the option of the Government, so that for valuation at any rate exceeding 
3J per-cent convertible quarterly (the interest in each case being payable 
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quarterly on 5 January, April, July and October) they must be regarded 
as perpetuities. For example, their values at any quarterly dividend- 
date to yield per-cent convertible half-} early would be 


•875(71*018754-1) •75(71*01875 4-1) 


•01875 


•01875 


^ or 93 7()9 and 80-373. It 


should, liowever, be borne in mind, as a practical consideration in such a 
case as this, that in the event of a general rise in } rices the 3 per-cent 
stock would admit of a considerably greater appreciation before it would 
pay the borrower to exercise the option ot redemption, and consequently 
it ndght be expected to stand at a relatively higher price. This will be 
clear from the simpler case of a 1 per-cent stock and a 3 per-cent stock 
both redeemable at par without notice. The value of the former, to 
yield 4 per-cent, will be 100. That of the latter will be strictly the 
value of a stock redeemable in n jears (where n is unknown), and for 
any finite value of n this exceeds 75. 

16, British Municipal Stocks are usually definitely redeemable at par 
at fixed dates, in which case the method of valuation will be precisely 
similar to that already exemplified. There are, however, numerous 
exceptions to this rule. The Stocks of some Corporations are redeemable 
only by purchase in the open market. Such Stocks will, of course, be 
properly valued as perpetuities of the annual dividend. Others are 
redeemable at par not later than certain fixed dates, but may be redeemed 
at par on or after certain earlier dates at the option of the borrowers. In 
any such case it should be assumed that the option to redeem will be 
exercised at the earlier or later date according as the rate of interest 
employed in valuation is less than or greater than the rate of dividend. 
The Sheffield Water Progressive Annuities present an example of a 
somewhat unusual type. On the acquisition of the water undertaking 
by the Corporation the ordinary shareholders were offered for each £100 
Stock (a) £82 in cash, or (5) an annuity of £3 per annum payable 
half-yearly, or (c) an annuity of £2 for the first two years, £2. 5s. for the 
second two years, £2. 10s. for the third two years, &c., uj) to £4 for 
every year after the first 16, both the (h) and (c) annuities being 
redeemable on or after the expiration of 60 years at 25 years* 
purchase. 

What were the present values, at the outset, of the (5) and (c) 
annuities, interest being assumed at 4 per-cent convertible half-yearly ? 

Since a perpetuity of 1 per annum payable half-yearly is worth, at 
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4 per-cent convertible half-yearly, 25 years’ purchase, it follows that for 
the purposes of a valuation at 4 per-cent convertible half-yearly the option 
of redemption may be disregarded. Hence the present value of the 

11 

(h) annuity would have been — 7 ^ =75. 

Similarly, the present value of the (c) annuity would have been 
— *125 (fl'32| -1-^)5281+ • • • +^41) 

where all the annuity- values are to be calculated at 2 per-cent. 

Now a^=: ~ =50, and 

_ 1 — 1,32 l_j,28 

4®S2l+®^+ • • • +4*41= : 1 : f" • • . + — -- — 

z z z 

= 1 / 8 -?§) = 115'3. 

A «4|/ 

Therefore, the present value of the (c) annuity at the assumed rate of 
interest would have been 100—14*4=85*6. 

It need hardly be said that the assumption of a different rate of interest 
would materially alter the values of the two annuities both absolutely 
and relatively. 

16. The “ B ” Annuities of the East Indian and other Indian 
Railways present a problem of a slightly different nature from those 
already discussed. The railways in question were originally constructed 
and worked by private companies under concessions from the Indian 
Government, and were subsequently acquired by the Government under 
powers reserved in the contracts by which the concessions were granted. 
On taking over these railways the Government exercised an option of 
paying out the stockholders by means of terminable annuities^ and to 
meet the convenience of those stockholders who desired to keep their 
capital intact, it was arranged that a certain sum should be deducted 
from each payment of the terminable annuity and invested as a sinking 
fund to replace the capital on the expiration of the term of the annuity. 
The reduced annuities thus created, with provision for a sinking fund, 
were called “ B ’* annuities. 

In the case of the East Indian Railway the annuity is payable 
half-yearly for approximately 73 years from 1880, and is subject to a 
half-yearly deduction of \d. for management and 8 c?. for sinking fund. 
The sinking fund was originally estimated to accumulate by 1953 (when 
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the ait^uity ceases) to 22 “ as near as may be per each 1 of the full 
annuity, hut it is obvious that the actual amount then available to 
replace capital will depend upon the rate of interest realized on the 
sinking fund investments. Hence, the first step, in valuing the 
Annuity, would be to estimate the amount receivable on the 
cessation of the annuity. To do this as accurately as possible, it would 
be desirable to ascertain the amount of the sinking fund investments at 
the date of valuation and to assume the most probable rate of 
accumulation for the remainder of the period. But for present purposes 
let it be assumed that the sinking fund will accumulate throughout the 
entire term at the rate of 3 per cent with half-yearly rests. Then the 
capital repayable in 1953 per each 1 of annuity may be estimated at 
’OSxs]]^:, Hence the value per unit of the B ” Annuitv in 1915, to 
pay 3 1 per-cent convertible half-yearly, would be 

•464.583fl’i”f + 

which will be found to be 23 approximately. 

17. American Kailway Bonds and Brewery and Commercial 
Debentures present no special features — apart from the question of 
exchange in the former case and the liability in the latter case to 
redemption at par — in the absence of any special provision to the 
contrary — in the event of a winding-up. As a representative example of 
the latter type the following may be taken ; 

Kequired the value per-cent at 1 January 1915 to yield 4 per-cent 
effective, of debentures bearing interest at 4^ per-cent payable half- 
yearly on 1 January and 1 July, and redeemable on 1 January 1960 at 
par or on or after 1 January 1925 at the option of the issuing Company 
(or in the event of voluntary liquidation) at 10 per-cent premium. 

A dividend of 41 payable half-yearly represents 4*09 per-cent on 110. 
This exceeds an effective rate of 4 per-cent. It must be assumed, 
therefore, that the option to redeem will be exercised. Hence, bv 
formula (10), the required present value will be 

•0409 

llOyio-^ (ll0~1102;io) 

J(2) 

where ^^nd are to he calculated at 4 per-cent. The numerical result 
will be found, by Tables II and VII, to be 111*172. 

18. In all the foregoing examples the date of valuation has been 
taken as one of the days on which the dividend is payable, so that the 
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dividend begins to accrue from the date of purchase. In practice it will, 
of course, more often happen that it is required to find the value of a 
security at a date intermediate between the dates on which the dividend 
is payable. In such cases the security will include a certain amount of 
accrued dividend (unless the date of purchase precedes the dividend due- 
date by a few days only, in which case the security may be sold 
ex dividend), and it will be necessary to allow for this in calculating the 
price. The simplest course to pursue in all such cases is to value the 
security just after payment of the last dividend or just before payment 
•of the next dividend, and to accumulate the former or discount the 
latter to the actual date of purchase. Take, as an example, a redeemable 
•debenture carrying a half-yearly dividend, and let it be required to iind 

its value with accrued dividend i-th of a half-year before the next 

dividend due-date, to pay j per annum convertible half-yearly. The 
value just before the next dividend is paid may be written symbolically 

1 

as and the discounted value — th of a half-year previously 

m 

__ 1 

At the end of the half-year 
the interest to date on the purchaser’s outlay will amount to 

which is identically equal to 


will, therefore, be ^1+ 0 ^ 


Hence it appears that the dividend payable at the end of the half year 
will suffice, as it ought, to pay interest for of a year and to write 

down the invested capital to Ai. In practice, interest for ~th of a half 
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or, more conveniently, as 



in which the second term represents the excess of the full dividend 
which the purchaser will receive at the end of the half-year over the 

approximate interest on his invested capital for ^th of a half-year. As 

income-tax will be deducted from the full dividend, although from the 
purchaser’s point of view only part of it represents interest, both g and/ 
should be taken at net rates after deduction of tax. 

19. In the United Kingdom the prices of marketable securities are 
usually quoted inclusive of accrued dividend. To this rule, however, 
there is one important exception. In the case of Indian liupee Paper 
the purchaser has to pay, in addition to the market price, the 
interest accrued from the last dividend-date to the date of purchase. 
American and other securities, moreover, are often offered for 
sale in this country either at a specified price plus accrued 
interest, or on a “yield basis,” to yield some specified rate of 
interest. In the latter case, if Aq represent the value of the security, to 
yield the specified rate — say j per annum convertible half-yearly — just 
after payment of the last half-year’s dividend, then the correct price 

w-l 

—th of a half-year before the next dividend date would be Ao( 1 + - ) 
m ^ \ 2/ 

In practice, however, various approximations are used, and as these have 

the sanction of custom, it will generally be advisable to ascertain the 

particular approximation employed by the firm offering the security in 

question, and to consider its efftct on the price. For example, the 

addition to Ao^f -tbs of the current half-year’s dividend less 
m 

simple discount thereon for -th of a half-year at rate — an apj^roximation 

sometimes employed — may give rise to an appreciable error if there is 

much difference between g and y. The most usual method, however, 

m 1 7 

seems to be to add to A© tbs of a half-year’s interest at rate -- less 

m 2 

simple discount thereon at the same rate for the remainder of the 
half year, which gives a price of Ao^l 4- 2 ^ ^ against 
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✓ tffl — \ j /jfji — 1 \ 

Aol H T — 1- . . . ), so that the error resulting from this 

V m 2 hn J ° 

approximation is small. In the case of a foreign security the use of a 

net rate, to allow for British income-tax, would not be practicable. An 

expedient sometimes adopted just before the end of the half-year (when 

the usual basi-< would entail an appreciable loss to a purchaser in the 

United Kingdom) is to purchase the security ex interest. If the 

practice of the purchaser paying accrued interest were adopted generally 

in the United Kingdom it would seem desirable that it should be based 

on the net rate. 

20. When a redeemable security is bought to pay a rate of interest 
differing from the ratio of the dividend to the redemption price — that is, 
when it is bought at a premium or discount on the redemption price — a 
question arises as to how it should be dealt with on an investment basis, 
in order that the required rate of interest may be realized and that the 
invested capital may be gradually written down, or up, to the redemption 
value of the security. In the case of securities dealt in on the Stock 
Exchange the plan very frequently adopted is to debit the account for a 
given security with the market-value of the security at the beginning of 
the year or half-year, to credit it with dividends received and with the 
market-value of the security at the end of the period, and to determine 
the interest for the period by balancing the account ; this method may 
be expected to approximate roughly to the theoretical method of 
procedure, and it has the advantage of obviating any risk of a security 
being valued, as an asset, at a price exceeding its market-value. 

21. It may, however, be considered desirable to deal with securities 
of this nature independently of the more or less accidental fluctuations 
of Stock Exchange quotations, and there are, besides, many such 
securities which are not publicly dealt in. A different method of 
procedure must then be adopted. It has been shown in Art. 10 that 
when a redeemable security is bought to pay a rate of interest differing 
from the rate of dividend, the premium paid for the security over and 
above its redemption value, or the discount at which it is obtained, is the 
present value of an annuity of the excess of the rate of interest over the 
rate of dividend, or vice versa. It follows, therefore, that a possible 
method of procedure would be to construct a schedule for this annuity 
in the manner explained in Chapter IV ; the principal-repayments would 
represent the amounts to be written off, or added to, the invested capital 
at the end of each interval, and the periodical dividend decreased or 
increased by these amounts would give the interest for each interval. 


a 
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Thus, in the case of a debenture for 100 redeemable at par in 10 years, 
bearing interest at 5 per-cent payable half-yearly, and bought to yield 
4 per-cent convertible half-yearly, the premium of 8T7G paid by the 
purchaser would represent the value of at the effective rate 02, 
The successive principal-repayments in the case of this annuity will 
be &c.— -all at 2 per-cent — that is, *3365, -3432, &c. These 

are the amounts which must be written off half-yearly from the 
purchase-money of 108T76, and the balance of the dividend available for 
interest will be 2T635 for the first half-year, 2T568 for the second 
half-year, &c., which will be found to represent, as they ought, 2 per-cent 
on the amount of capital outstanding at the beginning of the first, 
second, &c., half-years. 

If the debenture had borne interest at the rate of 3 per-cent and had 
been bought to yield 4 per-cent, the purchaser would have obtained it at 
a discount of 8T76, which again represents the value of \a^\ at 02 
effective. The principal-repayments contained in the successive payments 
of the annuity, must in this ease be written on half-yearly to the 
purchase-money, and the interest for each half-year will be found by 
adding to the dividend the amount written on to capital at the end of 
the half-year. 

22, It appears, therefore, that the amounts by which the capital 
invested in a redeemable security should be periodically written up or 
written down, as the case may be, could be ascertained by constructing a 
schedule showing the principal and interest contained in the successive 
payments of an annuity of the difference between the dividend and the 
rate of interest required to be realized. But the same result may be 
more directly attained on a book-keeping basis by debiting the securitj* 
from interval to interval with interest at the requisite rate on the capital 
outstanding at the beginning of the interval, crediting it with the 
dividend, and writing the difference on to or off* the capital according as 
the interest is > or < the dividend. If a schedule be required to check 
the accuracy of the entries, it may be constructed at the outset by a 
similar method. For example, the schedule in the case of a debenture 
for 100 redeemable in 5^ years at par, bearing interest at 6 ])er-cent 
payable half-yearly (the next payment being due three months hence), 
and bought to yield 4 per-cent convertible half-yearly, will be as 
follows: 



Arts. 81.83.] 


INCIDENCE OF INCOME TAX. 


83 


Invested Capital = 


108-9834-3 000 

i^oi 


110-874. 


Hair- Year 
No. 

Capital 

outstanding 

Interest 

Dividend less 
Interest (to be 
■written oil Capital) 

0 

110*874 

1*109 

1*891 

1 

108*983 

2-180 

•820 

2 

108163 

2*163 

*837 

3 

107-326 

2*147 

*853 

1 

106*473 

2*129 

*871 

5 

105 602 

2-112 

•888 


104*714 

2*094 

•906 

7 

103*808 

2*076 

•924 

8 

102 884 

2*058 

•912 

9 ! 

101-912 

2*039 

•961 

10 

100-981 

2*019 

•981 


23. An interesting question arises as to the incidence of income-tax 
in relation to the class of securities under consideration. It has been 
stated in Chapter IV that when a loan or debt is repayable by an 
annuity income-tax is chargeable on that part only of each annuity- 
payment which represents interest. But in the case of redeemable 
securities bought at a premium or at a discount, income-tax is invariably 
charged on the dividend without any reference to the fact that in the 
one case part of each dividend consists of capital applicable to the 
.gradual reduction of the premium, or that in the other the dividend does 
not represent the whole of the interest realized by the investor. The 
question may therefore be asked, What would be the present value, to 
pay a given rate of interest subject to a fixed rate of income-tax, of a 
redeemable security bought at a premium — income-tax being chargeable 
on the full dividend ? 

It will be convenient to determine, as a preliminary, the present value 
to yield the effective rate /, subject to income-tax at rate t per unit, of an 
annuity of 1 per annum payable annually for n years, the whole of each 
annuity payment being chargeable with income-tax at rate t per unit. 
The net amount of each annuity -payment, after deduction of tax, will be 
1 — f, and the net rate of interest to be realized on the annuity is i(l— ^). 
Hence it follows that the present value of the annuity under the 
conditions specified is (1 — 0^ ni, where the dash denotes that the 
annuity- value is to be calculated at the effective rate instead 

of i. 
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Consider, now, the case of an n-year debenture of 1 redeemable at 
par, bearing interest at g per unit, payable half-yearly and bought at a 
premium of Tc per unit to yield rate j convertible half-yearly, subject to 
income-tax at the rate of t per unit. Each half-yearlj^ dividend may be 

j 

divided into two parts — both subject to tax — namely, which represents 


interest on 1 at rate j convertible half-yearly, and i(y— y)? whreh 
represents the half-yearly payment to liquidate the premium of k with 
interest. Now the former, after deduction of tax, represents interest 
less tax on 1, and the value of the latter, after deduction of tax, to yield 
j convertible half-yearly subject to tax, is the same as the present value, 


to yield the effective rate 


1 

2 


subject to tax, of a 2w-year annuity of 


j), the whole of each payment being chargeable with tax. Hence 
the present value of the debenture under the specified conditions will be 


( 20 ) 


where the dash denotes that the annuity-value is to be calculated at the 
e&ctive rate (I — | . 

As an example, let it be reijuircd to find the value at 4 per-cent con- 
vertible half-yearly, subject to tax at Is. in the £, of a debenture for 100 
redeemable in 10 years at par, and bearing interest at 6 per-cent payable 

half-yearly. Here ^=*05; y;= 0G; and — 

which=16‘510. Hen(e the required present value= 115*684. If the 
fact of income-tax being chargeable on the entire dividend be left out of 

account, the present value would be [1 -J- *01 X a 2 o\ ] X 100 which = 116*35] 
It will be seen, therefore, that the adjustment is of some practical 
importance. 

24. The investigations of Arts. 5 to 23 have been liiijited to* 
securities redeemable in one sum, but they may be extended, by a simple 
generalization, to securities redeemable by any fixed instalments and 
bearing interest at a fixed rate on the outstanding instalments. 
This follows at once from the fiict that any such security may be 
considered as consisting of a number of separate securities each of 
which is redeemable in one sum. As an example of the method of 
generalization it will bo sufficient to consider the fundamental problem 
of valuation. 
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Let Gj ) G2 j • 0 ( 

»» * • 


fir 


„ K„K2,...K 

.. 9 

5J -^1 5 -^2 j • * • -^1 


Or represent the successive instalments by which 
the principal is to be redeemed. 

„ the respective numbers of years at 
the expiration of which the successive 
instalments become payable. 

„ the present values, at the valuation, 
rate of interest, of Ci due Ui years 
hence, &c. 

„ the fixed rate of dividend to be paid 
on the outstanding instalments. 

„ the present values, at the valuation- 
rate, of the separate instalments with 
the relative dividends. 


Assume the dividend to be payable p times a year — the next 

dividend being due -th of a vear hence — and let it be required to find 

p 

the value of the entire security at the effective rate /. 

Then, by formula (2), 

A,= K, + -;^(C.-K,) 

Jm 


A 2 — Jv2-f‘ (C2 — Koj 
hv) 


Jm 

Hence, by addition, if A, K, and C, respectively, be written for 
(Ai-}“A2+ . . . 4- A}.), (Ki 4"K24~ • • • +K?’)’ (Gi4-G24" • • • +G;-), 


A=K+^(C-K) (21) 

Jm 

where C represents the total capital repayable, K the sum of the present 
values, at the valuation-rate, of the successive instalments of C, each 
being discounted for the period to elapse before it becomes payable, and 
A the present value, at the valuation-rate, of the total security. 

25. The advantage of the algebraical transformation by which 
formula (2) is obtained from formula (1) — or, by which, in other words 
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the present value of the dividend is expressed in terms of the present 
value of the capital repayable — becomes very apparent in connection 
with securities under which the principal is repayable by instalments 
instead of in one sum. In such cases, if it be necessary to value the 
several instalments with the dividends thereon by individual calculation, 
a considerable saving of labour will obviously be effected by expressing 
the value of the dividends in terms of the value of the capital repayable, 
while, if it be possible to find algebraical formulas for the sum of the 
present values of the successive instalments and the sum of the present 
values of the dividends, the expression for the latter sum will generally 
be found to be much more complex than that for the former. For 
example, let it be required to find the present value, at the effective 
rate ^, of a debenture for 1 redeemable at par by equal annual instalments 
spread over t years and bearing interest, payable annually, at rate g on 
the amount from time to time outstanding. The value might obviously ' 
be written in the form 

j . -f ^ ^ 

t t 

1 0 

= ^ * ^<1 + 1 [taj\ - z; (la) tv ii] 

which would involve the evaluation of an increasing annuity. 

By means of formula (21), in which K will = and C will = I , 

z 

the result is at once obtained in the simple form 



26. Formula (21) may be established by general reasoning precisely 
similar to that of Art. 6. If the dividend were payable p times a 
year at rate per annum, the present value of the whole security, 
to yield the nominal rate j\p^, i.e., to yield the effective rate i, 
would obviously be C, and the present value of the dividends alone 
would consequently be C — K. But the dividends are actually at 
ratey payable jp times a year, and their value by simple proportion will, 

therefore, be ^^(C— K). Hence, the value of the entire security 

Jm ^ 

K+^(C-K». 

JiP> 
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27. The method of repayment by fixed instalments has been 
extensively adopted by foreign governments in connection with their 
loan-issnes. In such cases interest is usually payable half-yearly, and 
the general valuation formula will take the form 


K+^- (C-K), or K + €(i±^±!l(C-K). 

As an example, the Chinese 6 per-cent Gold Loan of April 1885 may be 
taken. In this case it was provided that interest should be paid half- 
yearly on 1 January and 1 July, and that the principal should be repaid 
at par by annual drawings in 15 approximately equal annual instalments, 
of which the first was paid on 1 July 1901. Let it be required to find the 
price per-cent at which a syndicate could have taken up the entire loan as at 
1 J uly 1895 in order to realize interest at the effective rate of 5i per-cent. 

Here K=: . . -f at 5^ per-cent 

15 


= =51-201 

C = 100 


^(1+ ^1 + 0=00(1+ v/i055)= -12103 


Hence the required price per-cent=51'201-}- 1'1057 x 48-799 = 105-158. 

Another example, of a rather more complex character, is afforded 
by the French 3 per-cent Eedeemable Eentes. This loan originally 
consisted of 175 series, redeemable by annual drawings at par, as follows: 


1 

2 

3 

4 


series in each of tlie years 1879 to 1907 

„ „ „ 1908 „ 1925 

„ „ „ 1920 „ 1938 

„ „ „ 1939 „ 1945 


5 

6 




1940 „ 1950 
1951 „ 1953 


Interest is payable quarterly on 16 January, April, July, and October. 

On the assumption that the series drawn for redemption are paid off 
annually on 16 April, let it be required to find, on the basis of an 
effective rate of 31 per-cent, the capitalized value per-cent of the entire 
outstanding balance of the loan as on 16 April 1915. 

Forty-five series having been paid off in 1879-1915, there remain 130 
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series outstanding to be repaid as shown above. Hence, if C be taken 
as 100, 

K=^®[2(i> + t>2+ . . . +®>»)+ 3 (»» + »'*+ . . . 

180 

+ 4(e^H«“+ . • . +»**) f5(c3> + e3*+ . . . 4»“) 

+ 6(z>36-Ht,37-|.j,38)] 

= ~ JTI + + "&l ) 3 


the numerical value of which must be calculated at 3| per-cent. 


By Table 

IV, at 


per-cent 

= 

125-017 


"iVl 

» 


= 8-317 





yf 

= 15-620 






= 18-392 



"a 



= 20001 

62880 

whence 




100 

K= X 

180 

62-717 


and, by Table VII, -- at 3^ per-cent=l 01303. 

J{4) 

Hence the required value per-cent 

=48-244+ 4t!: X 1-01303 X 51-756=93184. 

•085 

28. It should be carefully noted that the values found in the 
examples given in the last article are in both cases values of the entire 
loan per-cent, not those of individual bonds for 100. It is not possible 
to value a loan redeemable by drawings, otherwivse than as a xoliole — 
except as a matter of average — because the value of any given bond will 
depend upon when that particular bond may happen to be drawn for 
repayment. For instance, in the case of the Cl\inese loan discussed 
above, it has been shown that the value of the whole loan, as at 1 July 
1895, to pay 5^ per-cent, would have been 105‘158 per-cent, but the 
value of any one of the bonds which was drawn for repayment 
in 1901 would have been only lOOe;® -f 6*0815t?^ at 5^ per-cent, or 
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102*905 ; whereas the value oi: a bond which remains outstanding until 
1915 would be 100y204.6 0S15a2o;> or 106*949. 

Inasmuch, however, ^s bonds forming part of a loan redeemable by 
drawings are frequently bought — as an investment with an element of 
speculation — at a price proportionate to the value of the entire loan, it 
becomes a matter of some interest to determine when any given bond 
should become repayable in order that it may yield the same rate of 
interest as the entire loan. Let the symbols K, C, and g refer, with the 
usual significations, to the whole loan, let Ci be the capital repayable 
under the particular bond, and let n be the number of years that should 
elapse before this bond is drawn for repayment in order that it may 
yield the same rate of interest — i say — as the whole loan. Then the 

value of the particular bond will be v (Cj— ; and the value 

% 

of the entire loan is K-h t (C— K). Then, since the price given for the 

i 

particular bond is, by hypothesis, proportionate to the value of the entire 
loan, it follows that 

% i 

whence C^?”=K. 

It appears, therefore, that 7i=the ecjuated time, at the rate of interest 
required to be realized, for the several instalments by which the loan is 
redeemable. Thus, in the case of a loan standing at a premium, any 
particular bond will yield a lower or higher rate than that yielded 
by the loan as a whole, according as it is drawn for repayment before or 
after the equated time for the outstanding instalments, while in the case 
of a loan standing at a discount the converse will hold. 

29. Another method of repayment frequently adopted by foreign 
governments — and also by some commercial companies — is that of the 
cumulative or accumulative sinking-fund. A loan is said to be 
redeemable by a cumulative sinking-fund when a fixed sum is periodically 
applied to the service of the loan — that is, to payment of interest and to 
repayment of principal by drawings, purchase or otherwise — so that the 
sum available for repayment of principal is increased from time to time 
by the interest that would have been payable on the repaid portion of 
the principal if it had been still outstanding. The only case that it is 
necessary to consider is that in which the sinking-fund is applied to 
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redeem the loan by drawings made at regular intervals. In this case, if 
the periodical drawings take place with the same frequency as that with 
which interest is payable, the transaction simply takes the form of the 
repayment of principal and interest by an annuity. Let C be the 
capital repayable, g the rate of dividend per annum, payable half-yearly, 
reckoned on the capital repayable, z the rate of sinking-fund per annum, 
payable half-yearly, also reckoned on the capital repayable, andi. j 
convertible half-yearly, the rate of interest on which the transaction 
is based. Then the sum to be applied half-yearly to the service of the 
loan will be i(y-h^)C, and since the principal of C, with interest at. 
rate g payable half-yearly, is to be liquidated by an annuity of {g-{-z)Q 
payable half-yearly, it follows that, if n be the number of years which 
will elapse before the whole loan is repaid, 


^ = + at rate . 




whence 

i-Ky+.) 

or 


and 

log(y + c)-log» 

fl— 


n=: ^ ^ 

21og(l+f) 


Now from the jDoint of view of the lender the security consists of an 
annuity of (y*f< 2 ^)C per annum payable half-yearly for this term of 
n years. Hence its value, to pay j convertible half-yearly, is given by 
the formula 

A-=Ky+2’)<.^"2»i ‘‘ate 



at rate \g 

where n has the value obtained above. 

30. In practice the drawings usually take place yearly and interest is 
payable half-yearly ; but no allowance is made for interest on the first 
half-year’s interest in finding the balance available out of the fixed annual 
sum, at the end of each year, for repayment of principal, so that the 
operation of the sinking-fund is exactly the same as if interest were paid 
yearly. 
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Let the capital repayable be, as before, C, and the rate of dividend g- 
payable half-yearly ; let the cumulative sinking-fund be z per unit 
payable yearly, and let it be required to find the value of tbe whole loan 
to yield the effective rate i. Then the fixed annual sum applied to the- 
service of the loan will be and if n be the number of years in 

which the loan will be entirely redeemed 


whence 


C ~ -f- at rate y 

log (I 4-y) 


and, since the amount payable for repayment of principal increases each 
year by g times the capital repaid in the preceding year, the amounts of 
principal drawn for repayment at the end of the 1st, 2nd, 3i*d, <fec., years 
will be zC, 2:0(1 -t-y), 2:0(1 d-y)'**, &c. From the investor’s point of 
view, therefore, the security may be regarded as a loan of 0 repayable by 
annual instalments of 2:0, 2 ?C(l+y) . . . 2:0(H-y)’^’‘' with interest at 
rate y payable half-yearly. Now tlie present value of the capital 
repayable to yield the effective rate i 


=t7.2:0 + F-^2:C(l"l-y)-f . . . +i?’*20(l-fy)"-“* 

— at rate i' where 

i+y i + f/ 

or at I’ate i" where 

l+i 1 +^ 

Hence, by Formula (21), the present value of the Joan 


or 


zC 

1+y 



1 + ^* 




2rO 

- -c 

1 -fy 

zC 



• . (23«)‘ 

. . (23A) 


the former expression being applicable when i is >y and the latter when 
yis>/. 

Or, since at rate y, =1, whence (l+y)”=^^. the- 

present value of the capital repayable may be expressed as 


t^2:C 



z 


l-«(l+y) 


or 
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SO that the present value of the loan takes the form 

^ ^ ^ ( 23 .) 

*-9 Jw)L t-9 J 

Or, again, (see vol. xlvii, pp. 96*97) the value may be written as 




(23d) 


Here the first term rej)resents the value of the loan on the basis of 
interest being payable yearly, and the second the additional value due to 
the interest being in fact payable half-yearly. Eor purposes of numerical 
calculation Formula (23d) would appear to be the more convenient when 
the value is required to yield an effective rate, and Formula (23c) when 
it is required to yield a nominal rate payable half-yearly.* 

In the foregoing solution it has been assumed implicitly that n is 
integral. This will be the case if the term of years over which the 
drawings are to extend has been settled first, and the cumulative sinking- 
fund has been calculated accordingly. But in the more usual case, when 
the amount of the sinking-fund has been fixed in the first instance, say 
at 1 or 2 per-cent, the value of n will not, as a rule, be an exact integer, 
and will be equal, say, to n' where ri! is an integer and / a proper 
fraction. In this case the capital repayable in the first n years may be 
valued in the ordinary way, except that must be substituted 

for C, and to the result thus obtained must be added the value of 
+ r*?payable at the end of years. 

Tlie Chinese Gold Loan of 1896 bears interest at 5 per-cent payable 
half-yearly, and is redeemable by annual drawings spread over 36 years. 
What would have been the value of the loan per-cent, at date of issue, to 
pay 5 J per-cent effective ? 

<7361 at 5 per-cent =16*547; and at 5J per-cent 15 536 


and 


•05 X 


VI 055-1 


•13566. 


2(-().55 — *05) 

Hence it will be found that the required value =93*890 d- •829=94!’719. 

It will be observed that in the above example the value of the loan 
has been found as at the date of issue, but precisely the same method 
will be applicable to a valuation at any annual date during the currency 
of the loan, except that the cumulative sinking fund must be taken as 
the ratio of the sum applicable to repayment of principal at the next 
annual drawing to the amount of principal outstanding at date of 
valuation. 


For approxiniiite formulas see J.I,A,y xlix, p. 290. 
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31 . It may here be mentioned that in the case of a loan repayable 
by drawings by means of a cumulative sinking fund, the schedule 
showing the operation of the sinking fund would differ slightly from the 
ordinary repayment schedule for a loan repayable by a terminable 
annuity, owing to the fact that only an integral number of bonds could 
be repaid at each drawing. The necessary adjustment may be easily 
made by carrying forward the unapplied balance from each drawing to* 
the next following drawing. Thus, in the case of a 5 per-cent loan of 
1,000,000 in 10,000 bonds of 100 each, repayable at par in 30 years by 
annual drawings by the operation of a cumulative sinking fund, the total 
amount to be applied annually to the service of the loan would be 

— at 5 per-cent, or 65,051*44, and the schedule showing the 

number of bonds to be drawn for repayment each year would be as 
follows: 


n 

1,000,000 , 

•^30 1 

Amount available 
for nth Drawing 

Number of Bonds 
Iie]>akl 

at 7ith Drawing 

Balance 

Forward 

1 

15,051-44 

15,051-41. 

150 

51*44 

2 1 

15,801-01 

15,855’45 

158 

55 ’45 

3 

16,594-21 

16,6 1-9*66 

166 

49-66 

4 , 

17,423-92 

17,473*58 

174 

73*58 

&c. 

&c. 


&c. 

&c. 


Or, a full schedule, showing the interest and drawings for each year^ 
might be constructed in the following way: 


n 

Amount of 
Bonds 
outstanding 
at beginning 
of nth year 

Interest 

for 

nth year 

(55,051-44 
lefts interest 
for nth year 

Amount 
available for 
?tth drawing 

No. of 
Bonds 
repaid 
at nth 
drawing 

Balance 
after 7itli 
drawing 

Interest 

at 

5 iier-cent 
on 

Balance 

1 

1,000,000 

50.000 

15,051*44 

15,051*44 

150 

51*41. 

2*57 

2 

985,000 

49,250 

15,801*44 

15,855*45 

158 

55*45 

2*77 

3 

969,200 

48,460 

16,501*44 

16,619-66 

166 

49*66 

2*4-8 

4 

952,600 

47,630 

17,121*44 

17,473*58 

174 

73*58 

3*68 

5 

935,200 

46,760 

18,291-44 

18,368*70 

183 

68*70 

344 

&c. 

&c. 

&c. 

&c. 

&c. 

&c. 

&c. 

&c. 


As a result of the practical adjustment of the periodical drawings, 
the series of payments made by the borrower takes the form of a slightly 
varying annuity, instead of an annuity of uniform amount. Thus, in 
the example discussed above, the successive annual payments made on 
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foot of principal and interest are 65,000, 65,050, 65,060, 65,030, 
►65,060, &c., instead of 65,051*44 each year. This, however, would not 
make any appreciable difference in the value of the loan. 

32. In the foregoing discussion of the subject of loans repayable 
by instalments, it has been assumed throughout that the principal is 
to be repaid in some definite way. It may, however, often happen — 
apart from any question of default (a contingency which does not eqter 
into the theory of the subject) — that the borrower has power to suspend 
or increase the sinking fund, or other provision for redemption, at his 
option. In such cases theoretical methods of valuation would have to 
he employed with caution. In fact, in every case the precise terms of 
rfche contract must be studied, and due consideration must be given to all 
their bearings on the problem of valuation. 

One ca.se which may be specially mentioned is that in which the 
borrower reserves the option of purchasing bonds in the market 
instead of redeeming at par. Such an option is of course material 
-only when the price would normally be below par, and when there 
'is a free market in the bonds — that is, when they are not wholly 
or largely held by a single investor, or by a number of investors 
acting together, who can stand out for redemption at par. 3'he 
problem, therefore, to be considered is that of the valuation of a 
•comparatively small portion of the loan to yield a rate greater than y. 

It is possible, or even probable, that as the term of repayment draws 
i;o an end the borrower maybe compelled, owing to the restriction of the 
market and the consequent rise in price, to ledeem at par, but the only 
safe course to adopt in valuing a small amount of the loan would appear 
to be to assume that it will be redeemed at par at the end of the term. 
It is necessary, however, to distinguish between two cases. If the 
amounts to be cancelled annually, by drawings or purchase, whether on 
the cumulative system or otherwise, are fixed^ then n will also be fixed. 
But if a cumulative sinking-fund of fixed amount is to be applied 
in redemption of the loan, the value of n will depend on the j^rices 
at which the bonds are purchased for eancelment. In this case it seems 
reasonable to assume that the bonds will be purchasable at prices 
•calculated to yield rate i — or in other words that the sinking-fund will 
be annually invested in the loan at rate e, so that at rate ^=1. In 
■each case the value of the loan per unit, if the interest at rate g be 
payable half-yearly, will be • 
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S3. The method of gradually writing down or writing up a 
redeemable security to its redemption price has been discussed in 
Art. 20-22 for the case of a security redeemable in one sum, and an 
identically similar process will obviously apply to a loan redeemable 
by instalments, or, in fact, as stated in Art. 15 of Chapter IV, to 
any series of payments. As an alternative method, in all cases, the 
security may be kept at its purchase-price until redemption, or during 
Any other period, and the sinking fund for writing the capital value 
up or down may be carried to a separate account. But if that course 
be adopted, the sinking fund must be accumulated at the rate of 
interest realized on the purchase price of the security ; otherwise there 
will be a discrepancy between the accumulations of the sinking fund 
and the sum required to write down, or write up, the capital value of 
the security. It may happen, however, that an investor desires to 
realize a certain rate of interest on his original invested capital until 
redemption, and to accumulate his sinking-fund at some other rate. 
This suggests the question, What price should be paid for a security 
to yield the investor a given effective rate, say, on the purchase-money 
until redemption, and to admit of the accumulation of the sinking-fund 
At some other rate i ? The question is the same as that discussed in 
Chapter IV, Art. 16, except that in the present instance it is assumed 
ihat the remunerative rate i' is to be realized on the original invested 
capital only, and that the sinking-fund, whether to write down or to 
write up the original capital — that is, whether positive or negative— is 
to be accumulated at the reproductive rate i. Hence, by Formula (12) 
of Chapter IV, if A be the present value of the security at rate i and 
A*'*‘ its value on the special basis. 


A(1 + *V‘ _ A 


(24) 


where n is the term over which the security extends. 

This result is quite general on the conditions stated, but it will seldom 
be applicable in practice except in the case of a security bought at 
A premium, in which case an investor may desire to replace the premium 
by investing the excess of the periodical dividend over the interest on 
his capital in securities yielding a lower rate. 

Consider, for example, the case of a debenture redeemable at par in 
n years and bearing interest at rate g payable annually ; and assume 
that the investor desires to realize interest at rate i' on the purchase- 
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money. If g is >i\ the debenture will be bought at a premium, and it& 
value to admit of the purchaser replacing the premium at redemption by 
a sinking-fund invested in securities yielding rate i will be correctly 

given by Formula (24) as The annual interest on this at rate i* 

1 + ^ «n I 

will be and the balance of the dividend, namely, 

q — i' 

or ~ — j — , if invested and accumulated for n years at rate willamounty 

on the redemption of the debenture, to ~ , or — 1, whielv 

will exactly replace the premium paid by the purchaser. If, however, 
i' is > g, the debenture will be bought at a discount, and the annual 
dividend will be insufficient to meet the interest. In this case the- 

formula would correctly represent the value of the debenture if 

the purchaser desired to realize some other — usually higher— rate i on 
the capitalised balance of his interest. But as a rule he will be content tu 
realize i' on his whole invested capital (including the capitalized interest). 

and in that case the value will be or 1— {}' . 

^ ^ n| 

34, Many problems arise in practice in connection with the^ 
conversion of securities and the consolidation of loans. The fundamental 


principle to be observed in transactions of this nature is that the 
converted or consolidated security should be equivalent to the old 
security. Hence, apart from any special circumstances which might 
render it proper to value the new and old securities at different rates 
of interest, the procedure in all cases will be in the first place to fix 
the rate of interest upon which the conversion or consolidation is to 
be based, and then to so adjust the terms of the transaction that the 
new security shall be equivalent, at that rate of interest, to the security 
which it replaces. In the case of the conversion of a marketable 
security, the rate of interest to be employed should be such as to leave 
the market value unaltered, and it would, therefore, be determined by 
ascertaining the rate of interest yielded by the old security on its 
market price ; in other cases the rate to be employed would have to be 
determined by reference to the rate obtainable, at the time of conversion^ 
on similar securities. 


The following examples will sufficiently illustrate the subject— 
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(а) A security quoted at A per-cent, and yielding at that price 

rate j convertible half-yearly, is to be converted into 
debentures bearing interest at rate y payable half-yearly 
and redeemable in n years at par. What amount of 
debentures should be given for each £100 of the existing 
security ? 

If X be the required amount, then since the new securitj/ must 
be equivalent at ratey to the old 

= A 

where « 2 n] calculated at rate 

whence rr 

On comparison of the result with Formula (24) it will be seen 
that the problem is identical with that of finding the value 
of the security to yield g per annum payable half-yearly for 
n years and to admit of the difference between A and X 
being written on or off by the accumulation of a sinking- 
fund at ratey convertible half-yearly. 

(б) A company proposes to convert its existing debentures, 

bearing interest at 6 j^er-cent payable half-yearly, and 
redeemable at par in 5 years, into an equal amount of 
debentures bearing interest at 4| per-cent payable half- 
yearly. On the assumption that the existing debentures 
are quoted at a price to pay 4 per-cent convertible half- 
yearly, when should the new debentures be redeemable ? 

Let n be the number of years at the expiration of which 
the converted debentures should be redeemed. 

Then 1 -f- (•03 — *02)aioi = 1 ('0225 — •02)a^'| where the 

annuity-values are to be calculated at 2 per-cent. 

On reference to a 2 per- emit annuity table it will be found 
that =35-92. 

Hence the new debentures should be redeemable at par in 
32 years. 


u 
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(c) A borrower has obtained at different times three loans of 
£5,000, £2,000, and £4,000, repayable with interest at the 
respective rates of 5, 4^, and 4 per-cent, convertible half- 
yearly, by annuities payable half-yearly on 1 June and 
1 December, each annuity having been originally for a term 
of 30 years. He proposes to consolidate the loans as on 1 June 
1900, when 20 instalments remain to be paid in respect of the 
£5,000 loan, 25 in respect of the £2,000 loan, and 35 in 
respect of the £4,000 loan, into a single loan repayable 
with interest by a single terminable annuity payable half- 
yearly from the following 1 December, and he desires to 
know (i) what annuity ho would have to pay in order 
to redeem the consolidated loan in 15 years ; (ii) what 
would be the term of the annuity if he were to pay 
a half-yearly instalment equal to the sum of the annuities 
at present payable in respect of the existing loans. 

It must be assumed that the borrower is not entitled to pay off 
the loans otherwise than by the stipulated annuities, otherwise he 
would have exercised his right to pay off the balance of the 5 per-cent 
loan when obtaining the 4| per-cent loan, and similarly to pay off the 
balance of the 4J per-cent loan when obtaining the loan at 4 per-cent. 

The first point to be decided will be the rate of interest at which 
the consolidation is to be effected. Let it be assumed that 3^ per-cent 
convertible half-yearly is now obtainable on similar security, and that 
this rate is to be employed in the calculation. 

The half-yearly payments in respect of the three loans will be as 
follows — 

For the £5,000 loan — — at 2| per-cent, or 161*767 

„ „ £2,000 „ „ 2i „ „ 61071 

4 000 

„ „ £4,000 „ „ 2 „ „ 115*072 

« 60 l 

Hence (i), if X be the half-yearly amount of the consolidated annuity 
for 15 years, 

X . ^3^=161*767^^ -l- 61*071^25] 115*072 ^j!s5| 

whei’e all the annuities are to be taken at If per-cent, whence it will 
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be found that X=298‘9 ap])i'oximately. And (ii), if n be the nunaber 
of years in which the consolidated loan would be redeemed by a half- 
yearly payment of lGl*767-f 01*071 + 115 072, or 337*910, 

337-910 X «2in = 101*767a^ + 61-071«^ + 115*072rt§5l 


where again all the annuities are to be taken at 1 ^ per-cent, from which 
it will be found that ^=12*815 nearly. This means, of course, that 
25 half-yearly jDayments of 337*910 would be payable and that a 
final fractional payment Avould have to be made at the end of 13 years. 

The result obtained in answer to the second part of the question 
may be defined as the equated term of the three annuities on the basis 
of the consolidated annuity being equal to their sum. It will be found 
to be slightly less than the result obtained by multiplying the several 
annuities by their outstanding terms and dividing the sum of the 
products by the consolidated annuity. It may be shown generally that 
this must always be the case. For let there be any number of annuities 
of Ki, Ko, K 3 , &c., for Wi, ^ 2 , ^ 3 , &c., years, and let n be their equated 
term on the basis specified. 


Then 


X 2K=Kirt^^ + K2^,i;] + &c. 


1— 1 — 

— — •:SK=Ki +Ko — 7 — + ... 

I I “ t 


t;".:SK=y”>Ki+zj'*2K2+ 


whence it appears that n is the equated time for sums of Kj, K 2 , &c., 
due ^ 2 » &c., years hence. 

Now it has been shown in Art. 9 of Chap. II, that the true 
-equated time is < the result obtained by dividing the sum of the 
products of the amounts due and their respective times by the sum of 
the amounts. Hence it follows that the equated term of any number 
of annuities, on the basis of their being replaced by a single annuity 
equal to their sum, is < the result obtained by dividing the sum of the 
products of their periodical payments and their respective terms by the 
sum of the payments. The latter will, however, be a rough approxi- 
mation to the true result, provided the terms ot' the given annuities do 
not differ greatly. 

As the problem of the consolidation of loans repayable by annuities 
often arises in practice in connection with loans raised by local authorities 
it may be mentioned that the consolidation of such loans by the method 

H 2 
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discussed above, i,e., by substitution of a single loan repayable by an 
annuity equal to the sum of the annuities by which the original loans 
were repayable, would not in general meet the requirements of the Local 
Government Board. By regulation issued under the Public Health Acts 
Amendment Act, 1908, it is provided that regard shall be had ‘‘ to the- 
amounts of the several loans and the periods allowed for the payment off 
of such loans.*’ Now it is obvious that the general equation 
admits of any number of solutions if both K ,and n 
be regarded as unknown quantities. In practice, it is considered that 
the regulations quoted above would be complied with by imposing 
the condition ^iK=2wiKi, i.e., by making the total payments in respect 
of the consolidated loan equal to the total outstanding payments in 
respect of the existing loans. On this basis the equated term ot 
the several annuities would be given by the equation 

n SKi^i 

If X be written for the right-hand expression (in which all the quantities- 
are known) the equation becomes whence 




and 


8= — -log^(l— wzX) 


22X2 2*3X3 

= ^X-^n— +w2„ + 


whence n may be calculated to any desired degree of accuracy by 
successive approximations. The second approximation 

6(8-2X) 
iX(4:8— iX) 

will be found in many cases to give a lair result. But for practical 
purposes the appropriate value of n — and thence the corresponding value 

of K — will of course be obtained by inspection of a table of 

n 
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CHAPTER VI. 

On the Determination of the Eate of Interest involved 
IN A GIVEN Transaction. 

1. In the preceding chapters, methods have been investigated for 
determining the present value or amount of a given series of payments, 
or the terms of a given transaction, on the basis of a specified rate 
of interest. In the present chapter, it is proposed to consider the 
converse problem of determining at what rate of interest a given series 
of payments would have a given present value or amount, or, more 
generally, the rate involved in carrying out* any given financial 
transaction on specified terms. This problem will obviously reduce in 
all cases to the solution of an equation for iy or j, or S, as the case may 
be. For since the successive payments of the given series, or the terms 
of the given transaction, are assumed to be given, it follows that an 
equation may be obtained by finding an algebraical expression, on the 
basis of an assumed rate of interest ^, y, or 8, for the present value or 
amount of the given series, or for some one of the quantities involved in 
the given transaction, and equating the result to the given present value 
or amount, or to the known value of the quantity in question. In this 
equation the assumed rate of interest will be the only unknown 
quantity, and the problem of determining its value consequently resolves 
itself into that of solving an equation for a single unknown. The 
equation will, however, generally be found to be of such a nature that 
it will be impracticable to obtain an exact solution, and it becomes, 
therefore, a matter of importance to consider the special problems that 
most frequently arise in financial transactions, and to investigate 
convenient methods of obtaining approximate solutions. 
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2. At the outset, one consideration of a general nature presents- 
itself. Since an effective rate may be converted into a nominal rate- 
convertible with a given frequency, or vice versa^ it follows that it is 
immaterial whether the rate involved in a given transaction be 
determined, in the first instance, in the form of an effective rate or in 
that of a nominal rate. Hence, in any given case it will be most 
convenient to assume as the rate to be determined a rate convertible 
with such a frequency as will lead to an equation of the simplest, 
possible form. 

For example, suppose it to be required to find at what effective rate 
an ordinary annuity payable half-yearly for a given number of years 
will have a given present value. The algebraical expression for the- 
present value of an annuity payable half-yearly assumes its simplest 
form in terms of a nominal rate of interest convertible half-yearly. 
The best course to adopt, therefore, would be to determine, as accurately 
as may be necessary, the nominal rate payable half-yearly which would 
produce the given present value, and then to convert that nominal rate- 
into the corresponding effective rate. Similarly, if it were required to 
find the nominal rate of interest, convertible half-yearly, realized on the 
purchase of Consols at a given price, the best plan would be to determine- 
the yield, in the first instance, in the form of a nominal rate convertible 
quarterly — because, the dividends on Consols being payable quarterly, 
the algebraical expression for the value of Consols per-cent can be most 
simply written down in terms of a nominal rate convertible quarterly — 
and then to convert the result into a nominal rate convertible half- 
yearly. 

In general, the interval of conversion of the assumed rate may be 
made the same as the interval of payment in the annuity or other 
transaction under consideration. It will be sufficient, therefore, in most 
of the investigations that follow, to consider the problem of determining 
the effective rate involved in an annuity or other transaction under 
which the interval of payment is a yeai\ for, by substitution of an 
interval for a year^ the resulting formulas will become immediately 
applicable to the determination of the nominal rate convertible p times 
a year involved in an annuity or other transaction in which the interval 


of payment is -th of a year. 


8. To proceed now to the discussion of the problem. An obvious- 
method of procedure would be to endeavour to find the unknown rate- 
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by successive independent trials. Thus, suppose it were required to find 
the effective rate of interest realized on the purchase, at the price of 
135*187 per-cent, of debentures redeemable in 20 years at par and 
bearing interest at the rate of 5 per-cent payable annually, or, in 
symbols, to find the value of t satisfying the equation 

100y20-f5«^=: 135*187. 

Since the premium of 35*187 has to be written off out of the dividends 
in 20 years, it is obvious that the rate of interest realized will be very 
considerably below 5 per-cent. If 3 per-cent and 2^ per-cent be 
successively taken as trial rates it will be found, by actual evaluation of 
the expression 100 y 20 -[- 5 <aj^jj that the debentures would be worth 
129*755 per-cent at the former rate and 138*973 at the latter. The 
given price lies between these two values, and it is obvious, therefore* 
that the required rate lies between 2^ and 3 per-cent. If now 
2|- per-cent be tried, it will be found that at this rate the value would 
be 134*261, which shows that 2i per-cent is slightly above the required 
rate. By proceeding to make further trials, it might ultimately be 
found that the true yield is 2*7 per-cent. But this method, although 
an admissible process for obtaining a rough idea of the required rate, 
would clearly be too laborious for general use, and it becomes necessary 
to investigate a more systematic method of approximation. The best 
method for general practical purposes is that of interpolation between 
two or more trial rates giving nearly correct results, but before 
proceeding to discuss this method it will be convenient to refer briefly to 
certain other methods which, although not often used in practice, are of 
some importance in the history of the subject. It will be sufficient to 
consider the applicability of the various methods to the two representative 
problems of determining the rate of interest at which a given annuity has 
a given present value or amount, and of finding the yield on the purchase 
of a redeemable security at a given price. 

4. The first method to which reference may be made is that of 
successive approximation by direct expansion of the expression for 
the value or amount of the annuity, or for the value of the redeemable 
security, in powers of the unknown rate of interest. As a general rule it 
is impracticable to obtain a reliable approximation by this method 
without considerable labour owing to the fact that the successive terms 
in the expansion do not diminish rapidly enough to admit of the terms 
after the first two or three being neglected. The terms may even 



104 


DETERMINATION OE RATE OF INTEREST. 


[Chapter VL 


increase in value up to a point, in which case it becomes necessary 
to proceed to an approximation of a high order to get a good result. 
Various devices have been suggested with the object of overcoming this 
difficulty in the case of the annuity-value, but the resulting formulas 
are too complicated or too limited in applicability to be of any practical 
use. 

6. The objection indicated in the preceding Article to the method of 
approximation by direct expansion applies equally to the case of an 
annuity and to the general case of a redeemable security or of a loan 
repayable by instalments — or, in fact, of any series of payments or financial 
transaction in which the annuity-element predominates. There is, 
however, one case, involving the annuity-element to a comparatively 
small extent, in which the method gives a fairly accurate result. This 
case — which is of sufficient practical importance to repay special 
investigation — is that of a debenture or other security bearing a 
fixed rate of dividend and redeemable in one sum at the expiration 
of a fixed number of years. Let it be required to find the rate of 
interest realized on a debenture redeemable in n years, carrying a 
dividend at the rate of ^ per annum (payable annually) per unit of its 
redemption-price, and bought at a premium of k per unit on its 
redemption-price. Let i be the required rate of interest. Then, by 
formula (17) of Chapter V, 

= ~ 1 — eq I* 

ni 2 b 




[ 1 .-: 





If the terms involving powers of i above the first be neglected, this 
equation gives, as a first approximation. 




f = 


( 1 ) 
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In this formula the numerator = the balance of the year’s dividend after 
deduction therefrom of -th of the premium paid on purchase, and the 
denominator 





4- . . . + 



so that the approximation really amounts to taking the rate which 
the purchaser of the debenture would realize on his average invested 
capital if he were to write off an equal proportionate part of 
the premium each year out of the annual dividend and to take the 
balance of the dividend as interest for the year. This is not a 
theoretically correct way of dealing with the investment, but it is 
obvious that, if the term of the debenture were short, it might 
be expected to give an average yield differing only slightly from 
the true yield. On insj^ection of the algebraical expansion from 
which the approximation is obtained, it will appear that this is the 


case, for if 


n-—! 


i be small as compared with 1 — that is, in general, if n 


be not large — the value of the first term neglected, namely, 


12 


will be small as compared with that of 


n-{-l . 


As an example of the use of the formula, let it be required to find, 
without reference to tables, the approximate yield on a bond, bearing 
interest at per-cent, payable half-yearly, redeemable in 25 years 
at I12^j and bought just after payment of the half-yearly dividend, 
at a price of 120. Here the half-yearly dividend per unit of the 

7*5 

redemj)tion |)rice=*02; w=50. Hence, by the formula, 

112’o 


tlie approximate half-yearly yield 


• 02 - — 

50 15 


1-f 




51 1 “ 1551 


= •018053. 


100 15 

The true half-yearly yield, to six places of decimals, is *017968. The 
Approximation is slightly in excess of the true value, and it will be 
seen, on consideration of the method by which formula (1) was 
obtained, that the effect of neglecting terms involving powers of i 
above the first will, in general, be to give to i too large a value 
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if h is positive — that is, in the case of a bond bought at a j^remimn 
— and too ^imall a value if h is negative — that is, in the case of a bond 
bought at a discount. It must, of course, be borne in mind that the 
application of the formula to redeemable securities bought at a discount 
will be limited to those cases in which there is a definite contract to redeem 
at the expiration of a fixed period. A security, redeemable merely at the- 
option of the debtor on or after a fixed date, and bought at a discount 
on the redemption-price, should be regarded [for a similar reason to that set 
forth in Chap. V, Art. 4(iii)] as a perpetuity of the periodical dividend 
and the yield would accordingly be determined by dividing the periodical 
dividend by the purchase-price ; for example, the effective yield on a 
debenture bearing interest at 5 per-cent per annum, payable annually, 
redeemable at 110 on or after a given date at the option of the debtor,. 

and bought at 105 would be ^ or 4*7619 . . . per-cent. 

1*05 

*6. It has been pointed out that the impracticability of obtaining a 
reliable approximation by direct expansion, in powers of ^, is due to the 
fact that the terms in the expansion do not diminish rapidly enough to 
admit of the terms after the first two or three being neglected. Although 
the successive powers of i form a rapidly-decreasing series of quantities,, 
the coefficients by which they are multiplied may increase for a certain 
number of terms with equal or even greater rapidity, so that the early 
terms in the expansion will not necessarily exhibit rapid convergency. 
It is obvious, however, that if the unknown quantity i could be replaced, 
in the expansion, by some very much smaller unknown quantity, without 
any corresponding increase in the coefficients, the series would be 
rendered much more rapidly convergent, and the error resulting from 
neglecting the terms involving the higher powers of the unknown 
quantity would be correspondingly diminished. This is the expedient 
adopted in a second method of approximation, which — with the aid. 
of interest tables — gives good results with comparatively little labour. 
It will usually be found that the coefficients required in the approximation 
assume such a form that they can be easily evaluated with the aid of 
interest tables. The process will be exemplified by the following 
investigations of the cases of an annuity and a loan repayable by 
instalments. 
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7. Consider, first, the case of the annuity. Let a be the given 
present value of an annuity of 1 per annum payable annually for n years, 
let i be the unknown rate of interest, and suppose that, on reference to 
a table of the present values of an annuity at various rates of interest, 
it is found that at rate «, 7 i=a', which differs by only a small quantity 
from the given present value a. Assume that where p will be 

a small quantity — positive or negative — relatively to i'. Then 


1—v^ _ V-(l±f±p)-^ 
i e'H-p 


1 


1 





ri-?+4 

L t 



= +terms involving higher powers of p. 


Hence, as a first approximation, 


p=i 


and i=zi' ~j 


a —nv 


'n-f 1 


( 2 ) 


Similarly, if the amount of the annuity were given as and the value of 
s^i at rate i' were found to be s', a quantity differing only slightly from 
s, the resulting first approximation would be 






( 3 / 


A second approximation may be obtained in each case by retaining the 

.j 

term involving p^ and by substituting for p^ in that term pi - 




in the one case or pi'-. tt-Att — ; in the other. But a better approxi- 


mation would, in general, be given by repeating the original process, 
that is to say, by putting i=i"-\-p', where i" is the first approximation 
to i, and finding a first approximation to p' in the same way as for p. 
For example, in the case of the present value of the annuity, let 

— and let the value of a;r\ at rate i" be a". 
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Then for a more accurate approximation, 






(4) 


To evaluate this expression it would merely be necessary to calculate the 
values of a!' and «;"»+! by means of logarithms. The process may 
obviously be repeated until any desired degree of accuracy has been 
attained. 

8. An alternative method of procedure to that by which formula (2) 

was deduced would be to expand — instead of Then 

^»ri 


1__ i _ __ i'+p 

a l — 1 — + 1 — + . . . 



whence, as a first approximation, 


iz=zi’ V 


1 


( 5 ) 


It will be found that, as a rule, closer approximations can be obtained by 
working with the reciprocal of the annuity-value instead of with the 
annuity-value itself. 

9. In order to test the accuracy of the formulas given in the 
two preceding Articles, take as data ^i=30, and a =20. On reference 
to Table IV it will be found that <? 3 o[= 20*9303 at 2^ per-cent and 
19 *6004 at 3 per-cent. The latter value is the nearer to the given 
present- value, and it will, therefore, be proper to assume that e=:*03~|-p, 
where p will be a small negative quantity. Also, by Table II, at 
S per-cent =*39999. 

Formula (2) gives 


»=*03~ 


*3996 X 03 
19*6004-11*9997' 


*028423. 
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Again, -=*05, and by Table V — at 3 per-cent =*051019, so that 

d 

formula (5) gives 


«=*03- 


•001019 X 03 


= 028455 


•051019(1 -11-9997 x 051019) 

If *028455 be taken as a new trial rate, it wiU be found that at this 
rate — = *050006 and *41904. Hence, by the corresponding 

^30l 

formula to (4), 

•000006 X 028455 


•028455- 


•028416. 


•050006(1- 12-5712 x *050000) 

The true value of i correct to six places of decimals is *028446. It will 
be seen, therefore, that formula (5) gives a better result than formula 
(2), and that the second application of the former gives the required 
rate accurately to the sixth place of decimals. 

In connection with all such results as those just obtained, it should, 
of course, be borne in mind that their accuracy to the last place of 
decimals must not be assumed without examination of the error due to 
the limited number of decimal places in the tabulated quantities upon 
which they are based. The fraction at the foot of juigc 108, for example, 

(•3996±*00005)x*08 

should Staotij. he written igr ehOtefethWOh- CirghigaiioiF/ 

this particular case, if the extreme values are taken, it will be found that 
the result (to the sixth place) remains unaltered. But if a similar 
process be applied to the expression given by formula (5) it will be 
found that the data only justify the conclusion that the result lies 
between *028454 and ’028456. 

. 10. In the case of a loan repayable by instalments, the method may 
be applied in precisely the same way as in the case of the annuity. Let 
it be required to find the effective rate of interest realized on the 
purchase, at the price of A, of a loan redeemable by instalments of the 
total amount of C, and bearing an annual dividend at the rate g reckoned 
on C, let the successive instalments be Ci, C2, C3, &c., repayable 
certainly on the expiration of 7Zi, « 2 , %, &c., years respectively; let be 
a rate (found by trial) which brings out a price not differing greatly 
from A, and let where p is unknown; also, as in Art. 24. of 

Chapter V, let . . . • Then 
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ArTTK + ICC-K) 

■*= [Ci(l + »'+p)“”»+ . • [C— Cl (! + *'+ p)““i — . . .] 

= [Cit)''»i— «,pCit>'«'t+‘+ . . .] + |,j^l — |J[C— Cit>'»i + «ipCiw'«>+* . . .] 
4“ terms involving higher powers of p 
.=K'+|[C-K']-j[|(C-K') + (i'-y)(«iCy«.+-+ . . .)J 
+ terms involving higher powers of p 


=A'- £ [A'-K'+ (i'-^)2«,C, «)'«.+>] 

% 

-f- terms involving higher powers of p. 


/Hence, as a first approximation, 

A'~A 


•and 


^ * A'-K'+(*'-y)2«,C,y'»i+> 

V A'- A 

* * A'-K'+ (*'-y)2«l’C,t)'«.+> • 


• . ( 0 ) 


where A' and K' respectively denote the value of the loan, and the value 
of the capital repayable, at the trial rate As applied to a debenture 
repayable in one sum, the formula reduces to 

*=»' + »' A, (0 

As an example of the use of this formula, let it be required to find, as in 
Art. 5, the approximate yield on a 4^ per-cent debenture, redeemable 
in 25 years at 112|, and bought just after payment of the half-yearly 
dividend at 120. If *0175 be taken as a trial half-yearly yield, the 
values of the various quantities occurring in the formula will be as 
follows : 

^•'= 0175 ; A'=112b'«>+2V^ = 121-821 
A=120; K'=112iz;'^=47*253 
^*'-y=*0175~*02=--0025; and nCv'^+^=2322-0 


•0175 + -0175 


1-821 

08*703 


•0179G3 


JBLence 
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This result differs by 5 only in the sixth place from the true value, and 
by repeating the process — ’017963 being taken as a new trial rate — 
it would, of course, be easy to obtain a very much closer approximation. 

11. If the trial rate H be taken =^, then A'=C; y=0; and 

formulas (6) and (7) reduce to the simple form 

C~A 



’where K' is to be calculated at rate g. This is a very convenient 
formula for a first approximation, as it entails the calculation of only 
one quantity, namely, K' ; but it has not, of course, the generality of 
formulas (6) and (7). The value of formulas (6) and (7) consists 
in the fact that they afford a means of obtaining an approximation to 
any desired degree of accuracy, since the rate obtained by any particular 
application of the formula may be used as a new trial rate for the 
purpose of obtaining a closer approximation. 

Formula (8), aiqdied to the case of the debenture taken as an 
example in tlie last preceding Article, gives 

I = -02 - -02 U 2 - 5 - 41-797 


= -02-no2l22=’017878 


which is not quite so good a result as that obtained, without the 
assistance of Interest Tables, by formula (I) 

12. A good approximation to the/brc^ of interest -- thence to the 
effective or other rate— at which s^] or a^i has a given value, may be 

fiX p ^ 

obtained by means of tables of log and log- -• For and 

a: 1 — 


ii,ri are very nearly equal to + i and respectively,* that is, 

to («— + i and (n + h) f Hence, («— J)Sm 

the one case, or (n + ^)8 in the other, may be obtained approximately by 


entering the tables inversely with log - — or log . 


It has been 


* This may be seen graphically by drawing a straiglit line to represent the 
continuous annuity and concentrating the total payments for successive years, ^-1^, 
14 - 2 ^, <&:c., at the middle points of these years, i.e., at the ends of 1, 2, &c., years. 
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shown by Dr. J. F, Steffensen and Mr. N. P. Bertelsen 
Tidssicrift for Mathemaiilc) that this gives sufficiently accurate results 
for most purposes, and that very close approximations can be obtained by 
a method similar to that of Art. 7. 

13. It remains now to consider the practical method of approxi- 
mation mentioned in Art. 3, namely, the method of approximation by 
interpolation between two or more trial rates giving nearly correct 
results. For interpolations based on more than two rates it is 
convenient to use Finite Diffierences or some general interpolation 
formula. In practice, however, it is usually sufficient to employ 
what is technically called a first- difference-inieryolation — that is, to 
interpolate between two trial rates only. An interpolation of this 
nature — which alone will be considered here — rests merely upon 
the simple assumption that the differences between the values of an 
interest-function at various rates of interest are directly proportional to- 
the differences in the corresponding rates. In the case of a function 
involving in its algebraical expression only the first power of the rate of 
interest this assumption is strictly correct. For example: — 

The amount of 100 in a year at 2 per-cent is 102 

102- 5 

103- 125 

104- 5 

and it will be seen, on inspection, that the difference between any of 
two of these amounts is directly proportional to the difference in the 
corresponding rates ; for instance, the difference of -625, between the 
amounts at 3^ and 2|^ per-cent, bears the same ratio to the difference of 
2*5 between the amounts at 4^ and 2 per-cent as the difference between 
3i and 2| per-cent bears to the difference between 44 and 2 per-cent. 
Hence, if it were required to find the rate i at which 100 would amount 
in a year to 102 ’9, and it were given that at 2 and per-cent 100 
would amount to 102 and 104*5 respectively, the result obtained by the 
first-difference interpolation formula, 

i-~*02 _ 102-9-102 
•045--02‘“ 104*5-102 

(which, on reduction, gives i='029), would be strictly correct. 


4i 
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But most interest functions are of a much more complex character, 
and in such cases the assumption upon which the method of first 
difference interpolation rests is only approximately correct. In general, 
the smaller the differences between the trial rates and the true rate the 
more nearly accurate will be the resulting approximation ; for example, 
if it were found that a given annuity-value fell between the values at 
2i and per-cent, a better result would be obtained by interpolating 
between these near rates than by interpolating between 2 and 3 per-cent. 
In general, also, an fw^erpolation — that is, an approximation by reference 
to two trial rates of which one is greater and the other less than the 
true rate — will give a better result than an ecoter^o\ 2 iiion — that is, an 
approximation based upon two trial rates of which both are greater or 
both less than the true rate. 

14. The application of the method of first dificerence interpolation 
presents no analytical difficulties, hut it will be convenient to deduce, 
as in the case of the method of approximation discussed in Arts. 6-11, 
the formulas appropriate to the annuity and the redeemable security. 

16. In the case of the annuity, suppose it to have been ascertained-— 
by reference to tables or by actual trial — that the given present value a 
of an n-year annuity lies between a' and the respective values of an 
w-year annuity at rates i’ and Then, on the assumption involved in 
the method of first-difference interpolation, it follows that, approximately, 


i—i' a^a! 



whence z') (9) 

a —a ' 

Here, again, as in Art. 8, the reciprocals of the annuity -values 
might be used, in which case the approximate expression for i would 
take the form 


1_1 

^ (."-O (10) 

a" a' 

To test these formulas, let a=20 and ^=30, as before. On reference to 

Tables IV and V it will be found that the values of and — are 

^801 

20-9303 and *047778 respectively at 2\ per-cent, and 19*6004 and 
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•051019 respectively at 3 per-cent. 

3996 


i=*03~ 


13299 


and by formula (10), 


^=:• 03 - 


1019 

3241 


Hence, by formula (9), 
X 005 = 028498. 

X *005 = 028428. 


These results are not so good as those given by formulas (2) and (5) , but 
then it must be remembered that the difference between 2| per-cent and 3 
per-cent — the rates on which the interpolation is based — is comparatively 
large. In practice, more extensive tables than those at the end of this 
book would be employed, and a much more accurate result could then 
be obtained. For example, a first difference interpolation by formula 
(10) between 2J per-cent and 2| per-cent would give ^= *028445, 
which differs from the true value by only 1 in the last place. If no 
other tables except the 2J and 3 per-cent were available a more accurate 
approximation could of course be obtained by calculating a^Qi (by 
logarithms) at the rate *02843 and then interpolating again by formula 
(10) between this rate and *03. 

10. In the case of a redeemable security, several different methodi 
of interpolation may be followed. 

(i) Let A' and A" be the present values of the security to pay 
and respectively, these values being found by the formulas 

A'=K'+ ■2(C-K') and 4 (C-K’)- 

t % 

Then, A being the given present value of the security and i being 
the true yield which it is required to determine, it follows, as in the case 
of the annuity, that 

A— A' 

i = i' + Y 7 , — (r ~ i') approximately 
A. — A. 

If y — the rate of dividend (calculated on C) payable on the security 
— be taken as the second trial rate in place of i", then, since A" becomes 

= C, and A'=K'q- ™ (C — K'), the formula reduces to the form 
A-K'-|(C-K') 

*■=»■'+ 1 (y-0 

C-K'-^(C-K') 

z 
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+ ( 11 ) 

A very simple and convenient approximate formula, involving the 
calculation of only one quantity, namely, K', that is, the present value 
of the capital at rate V, 

The reciprocals of A, A', and A!' may obviously be substituted for 
A, A', and A" in the foregoing argument. The interpolation between 
i' and i" then gives 

1 L 

A A' 

(i" — approximately 

A^"“ A' 

which reduces, if y be taken as the second trial rate in place of to 

C--A 

+ (^-) 

^ A' ' 


In the case of a security redeemable in n years at par and bought at 
a premium of k per unit, formulas (11) and (12) become 

k 

— 


9 - 


rand 




l-\-k 


respectively. The second expression gives the common rule for finding 
the yield on a redeemable security bought at a premium: — Deduct from 
the periodical dividend the sinking fund which would provide for the 
replacement of the premium at the date of redemption, and divide 
the remainder by the price. In the application of this rule the rate 
of interest employed in calculating the sinking fund should, of course, 
be a rate differing not greatly from the actual yield on the security. 


(ii) By a simple transformation, the equation A=K-fv(C— -K) 

V 

Q 

may be written in the form ^^9~^ — jg* Hence, if it were possible to 
<jorrectly guess the unknown rate «, the result of calculating K and 
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inserting its value in tlie expression g 


C-K 

A-K 


(in which all the remaining 


quantities y, C, and A, are known), should be to exactly reproduce the 


rate employed in the calculation. 


Suppose now the value of 


C-K 

^A-K 


to 


be successively calculated at the trial rates and and the respective 
results to be I' and 1". If the true unknown rate i had been 
employed, the result, as explained above, would have been i. Hence, 
by interpolation, an approximate value of i is given by the 
equation 


i—V i—V 


whence 


*- Y-V-i" + i' 

_ i'V-Vi" 


(IS) 


\ 

(iii) If the original equation be written in the form 

another approximation to the value of i may be obtained by a precisely 
similar process to that followed in (ii) — that is, by calculating the 

values of i' — — and i" — — at the trial rates and i'* respectively, 
C — K. C — K. 

and interpolating between the results. 


Suppose that i’ gives as a result G', 
and „ i „ ,, G , 

The true rate i would give „ g. 


Hence, approximately, 



G"-G' 


whence 


._^'G"-GV'H-y(e"-0 

*“ G’-G' 


• • ( 1 ^) 


17. To test the accuracy of the various approximations obtained in 
the preceding article, it will be useful to take, as before, the example of 
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a 4^ per-cent debenture, redeemable in 25 years at 112J, and bought 
just after the payment of a half-yearly dividend for 120, so that 
^='02; 0=112*5; and A=120. The value of the debenture to 
yield 2 per-cent half-yearly is of course 112*5, and its value to yield 
1| per-cent — already calculated in Art. 10 — is 121*821. The given 
price lies between these two values, so that z'=*0175 and ^"=*02 will be 
suitable rates for purposes of interpolation. Then, since by Table II 


K=47-253 and K"=41-797, 



65-247 
^ 72-747 


70 703 
^ 78-203 

.,A-K' 72-747 

° 05 2« 

A TC" 

78-203 
^ 70-703 


= •017938 

= •018082 

= *019512 

= •022121 


Hence, formula (11) gives e=‘02— *0175x 


7-5 

65*247 


= •017988 


( 12 ) „ 


•0175 X 


7-5 X 121-821 
65^-^’>ri20 


= 017957 


«» 


„ (13) , 


000042325 

•002856 


•017965 




( 14 ) , 


0000468775 

• 00260 ^ 


=017968 


It will be observed that in this case formula (14) gives the true value 
of i, but this is an accidental result of the fact that only a small number 
of places of decimals have been retained in the calculations. For most 
practical purposes any one of the formulas will give a sufficiently 
accurate result, but it will generally be advisable to re-calculate the 
value of the security at the rate obtained by the first approximation, 
whether with the object merely of checking the result, or in order to 
obtain a second and closer approximation. In practice it will 
usually be found more convenient to work with the original equations 
from which the approximate formulas for i have been obtained 
than to use the formulas themselves. For example, the relation 




is easier to remember than formula (13), inasmuch as 
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it follows at once from the principle upon which the method is based ; 
and it is also a better working formula, since it' involves the differences 
instead of the ^products of the quantities, and consequently entails less 
arithmetic. 

18. Jn the foregoing Articles various methods of approximation 
have been successively discussed, and the resulting formulas applicable 
to the annuity and the redeemable security have been deduced 
incidentally. In the Table on the following page the formulas are 
brought together so that the results can be compared. The several 
methods discussed in Articles 4-5, 6-11, and 13-17 are referred to, for 
convenience, as methods I, II, and III respectively. It must be 
understood that the numerical values of i are given principally for 
purposes of comparison. Better absolute values could be obtained, 
in the application of methods II and III, by using Tables giving the 
values of the requisite functions for smaller differences of i, 

19. It has been shown in Chapter V, Art. 23, that the incidence 
of income-tax may make a material difference in the value of a redeemable 
security bought to yield a rate differing from the rate of dividend. 
Conversely it may materially affect the ^ield on a security bought at a 
premium or a discount. In order to allow for income-tax in determining 
the yield, all that is necessary is to substitute y(l — 0 where t is 
the rate of tax, and to remember that the yield then obtained will be the 
net yield after deduction of income-tax. For example, if allowance be 
made for income-tax, formula (I) becomes 


y(i~0- 


Ic 


i(i-0 = 






2n 


1+-+-Z- 

2n 


Similarly, formula (14) becomes 


t(l-0 = 


G"--G' 


(a'G"- GV') + y - i’) 

G"-G' 

On application of these modified formulas to the example already used 
for comparative purposes, it will be found that in this particular case 
allowance for income-tax at the rate of 1^. in the £ would reduce the. 
yield by rather over ^d, per annum. 



Art*. 17-19.] 


TABLE OP POUMULAS. 


119 


Approxmafe Formulas for the Bate of Interest. 


Annuity 

Redkbmable Securities 

Given n and a 

Example. 
ri = 3U 
a = 2U 

Given Ci, Cj, &C., «], &c.,^, and A 

s 1 lo r-t 

« II II II II 

o 

% 

S 

Approximate 
Formula lor i 

No. of 
Formula 

Approximate 
Value of i 

0 

Approximate Formula for i 

No, of 
Formula 

Apjaoximate 
Value of i 

I 

None of practical 
utility 



I 

(Applicable only to a Debenture 
redeemable in one sum) 








k 

5-„ 

2n 

1 

•018053 






where k=^ K — C 

■ U~ ’ 



II 

./ ./ a' — a 

i + 1 

a -nv 

2 

•028423 

11 

A' — A 

{a) i +r + 

7 

•017963 


1 1 

•/ 7 ^ 

^ 1 

5 

•028455 


/.^ C-A 

(i) 

8 

•017878 


a' a!'' 








(2nd application) 

” 

•028446 





01 

7 /•// -A 

i — 7r~ ,{i —i) 

9 

•028498 

111 ; 

1 

, , .,C-A 

W^ + ‘C-Iv' 

11 

•017988 


1 1 

('+ j-y(* ->) 

10 

•028428 


,,, .,C-A A' 

W^ + '(>K'-A 

12 

•017957 


a" a' 




,, iT'-ir 

13 

•017965 







14 

•017968 

True value of i to six places 

•028446 

True value of i to six places 

•017968 


Note. - Any of the approximate rates obtained by the formulas may be used as 
a new trial rate for the purpose of obtaining a more accurate approximation. 
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20. It will be convenient to conclude this chapter with a few 
illustrative examples : 

(a) A debenture stock, redeemable at par on 1 October 1937, and 
bearing interest at 6 per-cent per annum, payable half-yearly on 
1 April' and 1 October, is quoted on 1 August 1915 at 117. What 
rate of interest does it yield ? 

The corresponding quotation on 1 October 1915 after payment 
of the half-year’s interest then due, would obviously be about 116 
117 4- two months’ interest— 3). Hence, as a rough guide to the 


yield, formula (1) gives i- 


100+ I X 15 


= •0217 . . . from which it 


appears that and 2\ per-cent would be suitable trial rates to 
employ for the purpose of obtaining a more accurate approximation. 

Now the price of the stock per-cent on 1 August 1915 to yield 
the half-yearly effective rate i would be 


vh[100v*^+S(l + aiii)’] 


and the values of this expression at and per-cent will be found 
to be 115 ‘299 and 122 ‘896 respectively. Hence, the approximate 

half-yearly yield = 025 — X *0025 = *0244}4. The required yield 
7'0t)7 

is therefore, approximately, £4. 178. 9d. per-cent, convertible half- 
yearly. 

In practice, it is usual to estimate the ex interest price as at the 
next following dividend date by simply deducting accrued dividend 
from the quotation, and to calculate the yield on the net price so 
obtained. Thus, in the case under consideration, the net price, after 
deduction of four months’ accrued dividend, would be 115, which 
would give as at 1 October 1915 a yield of £4. 17s. 7d. per-cent, 
convertible half-yearly. By this method the proportion of the dividend 
from the date of purchase to the next following dividend date is 
allocated wholly to interest, instead of partly to interest and partly 
to reduction of principal, and, consequently, the yield for the remaining 
term of the investment is slightly reduced. 

In the foregoing solution no allowance has been made for the fact 
that the whole of the dividend would be subject to income tax. 
T^his fact could, however, be taken into account by a very trifling 
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modification of the work. For let the rate of tax be Is. in the £. 
Then the price of the stock per-cent to yield the net half-yearly 
rate i after deduction of tax would be 2*85(1 -‘-flrji])], from 

which it will be found — by interpolation between 2| and 2|^ per-cent 
— that t = '02305 approximately. The yield would therefore be 
approximately £4. 12s. U. per-cent, convertible half-yearly net^ or 
£4. 17s. ^d. subject to tax. The adjustment for income tax 
consequently makes a difference of 9^. in this case in the yield. 

The approximate calculation of the yield on a debenture bearing a 
fixed rate of dividend and redeemable in one sum at the expiration of a 
fixed period may be somewhat simplified by the use of Tables of Bond 
Values. Tables of this description give the values to yield various 
nominal rates (convertible with the same frequency as tlie dividend is 
payable, and proceeding as a rule by regular difterences of ^th, y\j^h, 
or bonds carrying various rates of dividend and redeemable at 

the end of various periods (proceeding by regular differences of half- 
years or years). The yield on any bond coming within the limits 
of tabulation can of course be approximately calculated by entering 
the table inversely with the approximate price at the nearest 
dividend-date and interpolating by first differences between the yields 
corresponding to the next higher and lower values. 

For example, Deghuee’s Tables give the values of a 22- 
year 6 per-cent bond, (the dividend being payable half- 
yearly) as 115’4492 at 4*85 per-cent and 114*7102 at 4*90 per- 
cent. Hence, in the case first discussed, if the ex-dividend price 
at 1 October 1915 be taken (with sufficient accuracy for practical 

45 

purposes) as 115, the approximate yield is 4*85+ ~ x *05=4*88 

/ ^ 

per-cent. i 

Since the net yield (with allowance for tax) equals the yield 
on a 6(1 — ^) per-cent bond, it may be calculated by interpolating 
between the yield on a 6 per-cent bond and that on a 5 per-cent bond. 
Proceeding in the same way as above it will be found that the yield on a 
5 per-cent 22-year bond at 115 would be 3*97 per-cent. Hence, if the 
tax be l5. in the £ the yield on the 6 per-cent bond would be 

4-88—“- X *91=4*61 net or 4*85 gross. 
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(5). Given the values of at rates i' and ^ respectively, find 
approximately the yield on an annuity payable annually for n years 
and bought at a price to yield interest at rate on the whole purchase- 
money for the term of n years, and to admit of the replacement of 
principal by a sinking-fund invested at the lower rate i. 


Let I he the required rate. Then to yield rate I the annual rent of 
the annuity for each unit invested == — 

Also to yield the effective rate V the annual 

rent per unit invested would be — r- ; 

and to yield the effective rate i the annual 

rent per unit invested would be — . 

^ «nl 


Hence 


l-i 


1 


1 



1 




n\ 


(lu\ 


whence 




1 1 


^ ?ri 


(15) 


This is an example of exterpolation, for I must obviously be greater 
than either ^ or i'. In practice, if interest tables were available, it 
would be better to interpolate between the two rates of interest at 
which the ordinary 20-year annuity- values were respectively just greater 
and just less than the annuity-value on the special basis. 

For example, let it be required to find the yield on a 20-year 
annuity bought to pay per-cent for 20 years on the whole sum 
invested, and to admit of the replacement of principal by a 2^ per- 
cent sinking-fund. 

Since ^ at 2J per-cent =*064 147, and — at per-cent= 070361, 

^2o| ^aol 

formula (15) gives 


1= 025d- 


•0001 

•006214 


= •04109. 
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Now — at and 2i per-cent =~ at 2i- per-cent -f 01 = '074147, 

andoii reference to Table Vit will be found that —=*073582 at 4 per-cent 

and *076876 at per-cent. Hence, by simple interpolation the required 
yield =*04086 approximately, 

(c). A Government kStock bearing interest at 31 per-cent payable 
half-yearly for eight years, at the end of which period holders will have 
the option of accepting repayment or of exchanging their holdings for 
equal amounts of an existing stock bearing interest at 3 per-cent 
payable half-yearly and redeemable at par 20 years from the present 
time, is quoted at 110 per-cent. A half-year’s interest on each stock 
has just been paid. What should be the present quotation of the 
3 per-cent stock to give the same yield as the 3^ per-cent? 

A present purchaser of the 3J- per-cent stock would obviously 
realize less than 3 per-cent on his investment if he were to accept 
repayment at the end of eight years. Hence it must be assumed that 
the option to exchange will be exercised. 

The first step is to determine the yield on the 3| per-cent stock, 
allowing for the option to exchange. Since the extra J receivable for 
the first eight years would only suffice, if applied to write down 
principal, to write off 4 of the premium it is obvious that the yield 
is considerably under 3 per-cent. If 2-J per-cent convertible half-yearly 
be taken as a trial rate, then 

lOOy'^® at li per-cent= 60*841 
1 2^401 ,, ,, = 46*990 

n = 3*605 

Value of Stock to pay 1} per-cent half-yearly =11 1*436 


Hence 1^ per-cent proves to be less than the true yield. If now 
1 J per-cent be taken as a second trial rate, then 

100??^® at Ij per-cent= 55*126 
14^7^7,1 ,, = 44*874 

i^I^, . . = 3*533 


Value of Stock to pay IJ per-cent half-yearly = 103*533 
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Hence by interpolation, the half-yearly yield is approximately 

•0125+ X •0025=-01295 
7*y0o 

It only remains to calculate the value of the 3 per-cent Stock at 
this rate. 

at 1’295 per-cent=(by logarithms) 59 769 

•015 

Value of Stock per-cent =59-769-f ------ (100-59-769) 

•Ol29o 

= 106-37. 

The 3 per-cent Stock should therefore be quoted at 106J approximately. 

{d), A 5 per-cent loan was issued on 1 July 1910 at the price of 
95 per-cent. Interest is payable half-yearly on 1 January and 1 July, 
and the principal is repayable at par in 20 equal instalments, by annual 
drawings commencing on 1 July 1916. Determine approximately 

(i) the rate of interest paid by the borrowers on the whole loan; 

(ii) the rate realized by an original subscriber on a bond drawn for 
repayment on 1 July 1916. 

(i). In addition to paying 2*5 half-yearly for each 95 borrowed 
— that is, 2*631 . . . per-cent half-yearly on the issue price — the 
borrowers have to pay a bonus of 5 on redemption, which (as the 
average term of the loan is 15 years) might be roughly equivalent 
to an additional ^th per-cent interest half-yearly. Hence, 2|- per- 
cent would appear to be a suitable half-yearly trial rate. 

In terms of a half-yearly rate of interest, 

K'=-025(a^— «^) per unit repayable 

= •025 X 

^ *458927 

=at 2f per-cent — - or *45270. 

1*0137d 

Also C=l; A=-95; and ^=*025. Hence, by formula (11), 

•05 

*•=•025+ -0275 — 

= *02751 approximately. 
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In this case it turns out that the true yield is very close to the 
assumed rate. In fact, at 2f per-cent the value of the loan per 

unit, by the formula A=K4 ' t (C— K), 

*025 

= •45270+ 77:^ X •54730='95025. 

’027 5 


And the value to pay 2|- per-cent half-yearly would clearly he 
unity. Hence, by interpolation, the half-yearly yield at the issue- 
•00025 

price of 95= *0275 H x ’0025, 

= •02751 ... as before. 


(ii). The rate realized on a bond drawn for repayment on 
1 July 1916 may be approximately calculated by formula (1) 

Here y=*025; 7r=— *05; m= 12. Hence the half-yearly yield 


40 




= *03 very nearly. 


The true yield is, in fact, slightly over 3 per-cent half-yearly, for 
the value of the bond at the time of issue, to yield this rate, would 
have been 100v^^+2iai2\ at 3 per-cent, which =95*023. The 
bond in this case being bought at a discount^ formula (1) gives, as 
explained in Art. 5, rather too small a value for i, 

(e). The Revenue Account of an assurance company shows that the 
fund increased from A at the beginning of the year to B at the end of 
the year, and that the net interest earnings (after deduction of incopie 
tax) were I. Find approximately (i) the effective rate of interest; 
(ii) the force of interest, earned on the fund in the year. 

(i). In order to find the effective rate, it is usual to consider 
the interest earnings as received at the end of the year and th& 
other income and the outgo as uniformly distributed over the year. 
On this basis the balance of other income (exclusive of interest 
earnings) and outgo, amounting to B—A— I, must be treated as 
received continuously throughout the year. Hence, if i be the 
required effective rate, 

A(l + 7) + (B — A — 1)^1] =B. 
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Now, 


. _ I 

*^-bi7(r+7) 






12 ' '• 


A(l + i) + (B-A-])(l+ ^ - iJ ■ • •) = B. 


whence (if powers of i above the first be neglected), 

% 

»== — j approximately- 

This result gives tlie effective rate. If the gross interest earnings 

21 ' 21 ' 

were 1', the g^'oss yield would of course be -- — — r, not •- — 7; — 7-.. 

^ i’ A+B— r 


(ii). The force of interest, i.e.y the nominal rate of interest 
convertible momently, is measured by the ratio of the interest 
received during an indefinitely short interval to the principal 
bearing interest during that interval. Its value will vary slightly 
from moment to moment, but, on the assumption that income 
(including interest earnings) and outgo are uniformly distributed 
over the year, its average value may be taken to be the ratio of 
the interest earnings to the mean fund. Hence, if 8 be the required 
force of interest, 


8 = 


21 

A + B 


approximately. 


It is easy to show that these values of i and 8 approximately 
correspond. For 


A+B-I A+BV 


A + B (A + B)'* 



— V 

k+b) 


which, to the second power, is the correct relation between the 
effective rate of interest and the corresponding force. 

(jT). Consols were bought on 17 June 1900 at 101|. What rate of 
interest did they then yield ? 

The rate of dividend on Consols up to 5 April 1903 was 2| per-cent. 



Art. 20.] 


LOAN REPAYABLE BY DRAWINGS. 


127 


but ifc is clear that the extra per-cent per annum for 3 years was 
not sufficient to write off the premium of li per-cent. It would have 
been proper to assume, therefore, at the date of purchase that the option 
to redeem at 5 April 1923 would be exercised. 

As the tables at the end of this book do not go below 1 per-cent, it will 
be convenient to find the approximate effective yield. Then, since the 
period elapsed since the last dividend-date was 73 days, the algebraical 
expression, in terms of the effective rate 2 , for the value of the stock per- 
cent on 17 June 1900 will be (1 X ■: — hlOOi’-'^]. 

If 2 = *025 be taken as a trial rate, tlie value of this expression will be 
l-00195[4T()44xl 00913-+- 59-670] which =101-626. This is so close to 
101|- that it is unnecessary to take another trial rate. At the date in 
question the yield on the stock was almost exactly 2| per-cent effective. 

(^). A Foreign Hallway Loan, originally for £2,000,000, bearing 
interest at 5 per-cent, payable half-yearly on 1 January and 1 July, and 
redeemable at 105 per-cent by half-yearly drawings (for repayment on 
1 January and 1 July) by the operation of an accumulative sinking- 
fund — £65,000 being applied half-yearly to the service of the loan — is 
quoted 11^ years after issue at 95 ex interest. What rate of interest 
would the investment yield to a syndicate acquiring the whole of the 
outstanding bonds. 

The investment practically amounts to the purchase of an annuity of 
£130,000 per annum, payable half-yearly for the remaining term of the 
loan, at a price equal to 95 per-cent of the nominal amount of the 
outstanding bonds. Hence it will be necessary in the first instance to 
find, (i) the term which the loan has still to run ; (ii) the amount of the 
outstanding bonds. 

Let n be the number of half-years comprised in the original term of 
the loan — from the date of issue to the date of redemption of the last 
bond. 

Then, since the loan was virtually a loan of £2,100,000, repayable 

with interest at the rate of — ^ j)er-cent per annum convertible half- 

JL*Uo 

yearly, by an annuity of £130,000 per annum, payable half-yearly, it 
follows that 

6-5a;ri=210, 

2-5 

where ra is to be calculated at per-cent, 

1 *05 



128 


DETERMINATION OF RATE OF INTEREST. 


[Chapter VI. 


whence 


_ log 13— log 3 
^ log 43— log 42 


•6368221 

*0102192 


= 62*316. 


At the date of valuation, therefore, the loan has 39*316 half-years 
still to run, and the nominal amount of the outstanding bonds is 
1 2*5 

x 65,000^?39CT at —— per-cent, or 1,569,149, the value of which, 
l‘0t> I'Ot) 

at 95 per-cent would he 1,490,692. Hence, the question resolves^ itself 

1 490 692 

into finding the rate of interest at which or 22*934. 

05,000 

By reference to a table of the values of < 7 ;^, it will be found that the 
required rate is very nearly *03. Hence, the investment would yield, 
approximately, 6 per-cent convertible half-yearly. 

In practice the redemption-schedule Avould be so adjusted as to 
provide for the repayment of an exact integral number of bonds at the 
end of each half-year and for the repayment of the whole of the then 
outstanding bonds at the end oi the 31st year, but this would not 
materially affect the yield. 

(k)» A loan bearing interest at g per unit payable half-yearly and 
repayable by annual drawings at par, or by annual purchases in the 
market if below par, is issued at a discount of h per unit. What rate of 
interest does it yield (1) if a fixed proportion of the loan, z per unit, is 
to be drawn or purchased annually ; (2) if a fixed sum of z per unit is to 
be applied annually in drawings or purchase ? 

The effect of an option to purchase in the market has been considered 
in Chapter V, Article 32. In the present instance it will be reasonable 
to assume that the bonds required for redemption will be purchasable 
annually in the market at prices yielding the same rate as that yielded 
by the loan at the time of issue. On this assumption the required rate 
will be the rate yielded by a bond bearing interest at rate g payable 
half-yearly and repayable at par at the end of the term of the loan. 

In case (1) the term of the loan will be i, and the half-yearly yield 

z 

may be found approximately by any of the usual methods. 

In case (2), if i be the effective yield and n the term of the loan, 

and lc=(i— 

I - ; 


whence 
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from which i may he found either by solution of a quadratic or by 
interpolation. 

The relation (1 — X') (-2^+0 could, of course, be written 

down without the introduction of 2 ?, since a year’s sinking-fund and 
dividend must just suffice to pay a year’s interest at rate i on the 
original invested capital and to pay oiY z per unit of the invested capital. 
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CHAPTER YIL 

Capital Redemption Assurances. 

1. It lias been shown in previous chapters that the capital invested 
in any series of payments may be replaced by means of a sinking-fund. 
More generally, a sum required at the end of any number of years, 
whether to replace invested capital or for any other purpose, may be 
secured, in theory, by the accumulation of an annual sinking-fund of 

-i- per unit, where n is the number of years in question. In practice, 
5nl 

however, an isolated transaction of this nature presents certain 
difficulties; it may be found impracticable to invest the requisite sinking- 
fund and the periodical interest-earnings with the necessary regularity — 
in fact, this difficulty would almost invariably arise in the case of a 
sinking-fund of small amount — and, owing to the fluctuations in the 
rate of interest obtainable upon investments, the accumulation of a fixed 
periodical sinking-fund will not, as a rule, produce the exact sum 
required. Consequently, many insurance companies have, of late years, 
made it part of their business to grant assurances securing the payment 
of a fixed sum at the expiration of a fixed term of years. These 
assurances were originally intended to meet the requirements of investors 
in leasehold properties, and were accordingly called Leasehold 
jRedem'ption Assurances, but they have since been utilized for many 
other financial purposes — to provide, for example, for the repayment of 
the principal of a loan or for the redemption of a debenture-issue — and 
have acquired the alternative names of Sinhing-Fund Assurances and 
Capital Redemption Assurances. 

2. The consideration for a Capital Redemption Assurance — that is 
the price paid to the assurance company in consideration of its granting 
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the assurance — usually takes the form of a single payment made at the 
inception of the assurance, or of a series of uniform periodical payments 
made at equal intervals throughout the term of the assurance, the first such 
payment being made at the inception of the assurance and the last at the 
beginning of the concluding interval in the term. The single payment 
and the uniform periodical payment are called respectively a Single 
l^remium, and an Annual^ Half-yearly^ or Quarterly Premium^ as the 
case may be. It will be observed that the periodical premium is of 
precisely the same nature as a sinking-fund, but that it differs from it in 
being paid at the beginning of each interval, or, in other words, in 
advance^ instead of at the end of each interval. In fact, the payments 
of the periodical premium for a Capital Redemption Assurance form 
an annuity-due^ whereas the successive sinking-fund contributions form 
an ordinary annuity. 

3. The net Single Premium for a Capital Redemption Assurance 
of 1, payable at the end of n years — that is, the Single Premium which, 
if accumulated at the assumed rate of iiiterest, without any deduction 
for expenses or for the profit of the insurers, would amount to 1 at the 
end of n years — is denoted by the symbol A^j. The net periodical 
premium for a similar assurance is denoted by the symbols Pii^|, pS^}, P^}, 
Ac., according as it is payable yearly, half-yearly, quarterly or with any 
other frequency. 

4. The net Single Premium for a Capital Redemption Assurance 
has been defined to be such a sum as would accumulate to the sum 
assured by the end of the given term ; hence, it follows that, on the 
basis of a single uniform rate of interest 



A-jjX (1+*)«=1 


whence 

A7=y” 

• (1) 

On the same 

basis, 



Pii[(i+0“+(i+»)”-'+ • • • (1+0]=1 


whence 

1 r 

Sn+lj — i 

. (2) 


Alternative expressions for P^[ may be obtained as follows ; 

(i) The net annual premium must clearly be the equivalent, in the 
form of an annuity-due, of the net single premium; hence it follows that 

Pt^I X a7ji= A tiI 

whence (3) 
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(li) Again, the annual rent obtained by the investment of a 

unit in the purchase of an annuity-due, payable annually for n years, 
must be equal to interest in advance on the unit, together with a 
sum sufficient, if accumulated throughout the term of the annuity,, 
to replace the unit at the end of the term. But the interest in 

advance on 1 is ; and the sum paid annually in advance which will,, 

if duly accumulated, produce 1 at the end of n years is ^ 

Hence — =<^-fP^il 

an! 

whence ^ or d . . , • (4) 

a^l l + 

It may be easily shown that formulas (2), (3), and (4) are* 

algebraically identical. For 

1 _ \ 

^n+ll I (l4’0^^| 

_ l-ian\ _ 

a^l a^ a^l 


6. From the form of the expression obtained in formula (4), it 
appears that the numerical value of for given values of n and i may 
be found by entering an Annual Premium Conversion Table with the 
value of . The subject of Conversion Tables is fully discussed in 
Chapter VIII of the Text-Book, Part II, and it will be sufficient to 
state here that Annual Premium Conversion Tables are tables giving at 


various rates of interest the values of 


1 

14-X 


d for values of X 


proceeding by small equal differences throughout the range of practicable 
annuity- values. Hence, if the table based on the rate of interest i be 
entered with the value of at that rate, the result will be 


1 + ftn-l\ 


— d, or Pnh 


Let it be required, for example, to find the value of P^| at 3 per-cent. 
The value of aig{ at 3 per-cent is, to three places of decimals, 14*324, and 
the tabulated value corresponding to 14-324 in the 3 per-cent Annual 
Premium Conversion Table is *03613. Hence P 20 ] at 3 per-cent =*03613. 
Of course, this result might also have been obtained by taking the* 
rfl<»inrncal of f jfoTi — I'i or 27*676. 



Arts. 4-7.] 


PREMIUMS PAYABLE HALF-TEARLT, ETC. 


133 


6. The values of P^'j Ac., may be readily obtained by any of 
the methods employed in finding an expression for P^l . In general, 

1 


P|’: 




1 

m 


(m) 


a»| 


a?ii 




( 5 ) 


The third expression is given for purposes of comparison with the 
corresponding expression for P«; , but from its form it will be seen that 
the Annual Premium Conversion Table affords no facilities for the 

evaluation of Pt|\ 

In the special case in which m is made infinite P^^^ becomes the 
premium per annum payable continuously, by infinitely small instalments, 
for an assurance of 1 payable at the end of n years, and is denoted by 
the special symbol P:^. 


Formula (5) then becomes 


P 



dn\ 



. . ( 6 ) 


The numerical value of Fn\ may be found by entering with dn\ an 
Annual Premium Conversion Table constructed on a continuous basis 

(that is, a table in which X is the argument and ^ flic result). 

7. It will be seen that the sole difference between the net annual 
premium for a Capital Kedemption Assurance and the net premium 
per annum payable at more frequent intervals consists in the fact that 
the former is payable in one sum at the beginning of the year, while the 
latter is payable by instalments spread over the year. The second 
method of payment entails a loss of interest to the assurer as compared 
with the first, and consequently necessitates a corresponding increase in 
the premium per annum payable at more frequent intervals as compared 
with the annual premium. In the case of a premium payable m times a 
year, the loss of interest, valued at the beginning of the year, is 

1 1 2 m-1 

-p^’[(i-»i) + (l-f«)+ . . . 

= P,71 (l-an) 
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Hence, it follows that 

=P^ + P7i^ (1— ail ) 


whence 


— Im)— 


(w) ■ 

ai] 



This relation may he readilv obtained from formula (5). For, since 

(in) (m) 

a^j,! — • all 


it follows that 


Asa special case, 





8. At the expiration of the term of a Capital Kedemption Policy, 
the net premiums paid in respect of the Policy, accumulated at the rate 
of interest assumed in the calculation of the premium, will amount, by 
definition, to the sum assured. Further, at any given time during the 
currency of the Policy, the net premiums paid up to that time will 
clearly amount to such a sum as will suffice, with the remaining premiums 
and interest, to provide the sum assured on the expiration of the term of 
the Policy. This sum is called the Value of the Folicy, or the Policy- 
Value, It will be seen, therefore, that the Value of a Capital 
Redemption Policy, at any time during its currency, may be determined 
m two ways, namely,* either (i) by a retrosjyective process, as the 
accumulated amount of the net premiums paid, or (ii) by a prospective 
process, as the difference between the discounted value of the sum 
assured and the discounted value of the remaining net premiums. These 
two methods of determining the Policy-Value must obviously produce 
identical results. 

9. The Value, at the end of t years, of a Capital Redemption 
Policy assuring 1 at the expiration of oi years, at a net annual premium 
of PiT], is denoted by the symbol ^Vi| ; the value, after t years, of a 

similar policy, at a net premium of P^^ per annum payable m times 

a year, is denoted by the symbol ^V^\ 

It will be convenient to consider separately the two cases in which t 
is (i) integral, and (ii) partly integral and partly fractional — the first 
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case being that of a policy which has been an exact number of years in 
force, and the second that of a policy which has been in force an 
integral number of years and a fraction of a year. 

(i) Let t be integral. In this case it will be proper to assume 
that t years’ premiums have been paid and that the next premium is 
about to fall due. 

Considered retrospectively the policy-value may be regarded, as 
already explained, as the accumulated amount of the net premiums paid. 
From this point of view, therefore, 

iV5i=Piri(sH:i]-l)=?^:^ = ^' .... (7) 

prospectively the policy-value is such a sum as will, 
with the remaining premiums and interest, suffice to provide the sum 
assured at the expiration of the term of the policy; that is to say, it is 
the present value of the sum assured less the present value of the 
remaining premiums. Hence, from this ])oint of view, 

Now 1 — = l — d €l:^\ 

.% = 1 - (P^ 4- 

And by formula (4) , P,7| -p d" = — 


n\ — I 


a^l 


( 8 ) 


From this expression the algebraical identity of the formulas obtained 
by the retrospective and prospective methods may be readily established. 
For 

i_ _ f<i 

^n\ a;^ s'^ 


In the case of a policy subject to a premium payable m times a year, 
each year’s premium is the exact equivalent, after allowance for loss of 
interest, of the annual premium for a similar policy. Hence it follows 
that the.policy-value at the end of any integral number of years will be 
the same as that of a similar policy subject to annual premiums. This 
result may be readily established by algebra. For 
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.(m) ^(m) i (m) 

tYnl = Pn| + 

1 (wW 

-- -- ^IL -- fl! -- v-i 

(i+o»4’ ' 

(ii). Let t be partly integral and partly fractional. In this cass 
(r-f-l) premiums will have been paid on a policy subject to annual 
premiums, where r is the greatest integer in t, while r premium^ and 
one or more instalments of an additional full year’s premium will have 
been paid on a policy subject to premiums payable m times a year. 

Take first the case of a policy subject to annual premiums, and 

let Then by the retrospective method 

JP 

= PS|«f+Il (1 + *■)?’= (1 + i)Kr^ n] + I’iii) 

(9) 


and by the prospective method 

^ ^ nl^'w-r-Tl 

P 

1 1 

z=zv — P;na,7rfrij] 

= as before. 


In the case of a policy subject to a premium payable m times a year, 

let ^=:r4- — 4-~. There will then have been paid on the policy 
m qm r r j 

r full years’ premiums and (^-f 1) instalments of an additional year’s 

premium. Hence 


P n\ ^ . l±^ 

m qm ^ «i 1 


/T , -- Ij'®*' 1 - — ^ W - V 

= + iVi “ (Sr4-l| — 

ir* 1 


(m) (»«) 


zizv m qm — (1 -j- {) qm p-| a ^ m 


fm) 

= , ! , 2 Va — (l + *)9mP^| (I ,(±11 . . . (10) 

qm ml 



8 - 10 .) 


POLICY-VALUES. 


137 


This relation sIioavs that at the end of any fractional period the value 
of a Capital Redemption Policy, subject to premiums payable 
m times a year, falls short of the value of a similar policy at annual 
premiums by the value of the unpaid portion of the full year’s premium 
— a result which might have been deduced from the consideration that at 
the end of the year the two policies have the same value. 

If - be put=0 in formula (10) the resulting expression gives the 

policy- value jtist after payment of the (Z-f-l)th instalment of the 
full year’s premium, and in order to obtain the value jmt before 

payment of that instalment — that is, at the end of r-f— years — it 


would be necessary to deduct The required result may, however, 

be more simply obtained by putting $'=1, whence 


!+i\a =,.y:lV;n-Ps.a j+g 

m ^ m wi I 


and, by writing (Z—l) for Z, 

m ml 




. ( 11 ) 


Thus the value of a policy subject to a half-yearly premium, just 
before payment of the second half-year’s premium, is given by the 
formula 

r n\ — r+^^n\ ■|P/tl • 

Prom the foregoing analysis it appears that Capital Redemption 
Policies subject to premiums payable at half-yearly or shorter intervals 
may be valued, with approximate accuracy, as policies at annual 
premiums subject to deduction of the unpaid instalments (if any) of 
the current year’s premium. 

10. Since P^i=-— and + (! + «)’* • Pl, 

( 1 + 

it is clear that the lower the rate of interest assumed in the calculation of 
the premium, the larger will be the premium. On the other hand, the 
lower the rate of interest employed in accumulating the premiums, the 
smaller will be their accumulated amount. A decrease in the assumed 
rate of interest affects the policy-value, therefore, in two opposite ways, 
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and thQ question arises whether the net result is to increase or decrease 
the value. 

Since , it is evident that a decrease in the rate of 

Sji 

interest increases the value of a policy of one year’s duration, provided 
« be >1. 

Now 




and since <fec., being the values of policies of one year’s 

duration, are all increased by a decrease in the rate of interest, it follows 
tliat 1 — ^V;;i;j is decreased, and, therefore, tliat is increased. Hence, 
the lower the assumed rate of interest the greater will be the policy- 
value. 

11. The net annual premium for a Capital Eedemption Assurance 
of 1, payable at the expiration of n—t years, is Hence, when an 

w-year policy for 1, at a net annual premium of P^, has been t years 
in force, the remaining (n—f) premiums of Avould assure the sum of 


Pnl 

P^^ll 


, and the accumulations of the t premiums already paid must be 


sufficient to secure the balance of the sum assured, namely, 1- 


Pw| 


p^r 

It follows, therefore, that at the end of t years an n-jear policy for 1 
could be converted into a Free or Fald-np Policy (that is, a policy free 

from any further payments of premium) for 1 — — — — . The Paid-up 

P n-t 


equivalent of an w-year Capital Redemption Policy at the end of 
t years is denoted by the symbol ^W(An|). 

Hence, in the case of an w-year Capital Redemption Policy for 1, 
subject to an annual premium of P^^, which has been t years in force 


^W(Ani) = l- 


Pw| 


=1 


^nl 


(l + t)»-<a7| _gtl 
^nj 


. . ( 12 ) 
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Also, since 



<W(A3)=gi 




A-n— tj 


This result shows that, as must clearly be the case, the amount of the 
Paid-up Policy is the sum which the policy- value, if applied as a single 
premium, would assure at the expiration of the term of the original 
policy. 

In practice, a Capital Redemption Policy may usually be converted 
into a Paid-up Policy for an amount bearing the same proportion 
to the full sum assured as the number of premiums paid bears to the 
total number payable. 

On this basis, an ;^-year policy for 1 would be convertible at the end 

of t years into a paid-up policy for ~ . This amount is less than the 

theoretical paid-up equivalent ; for, since the Arithmetical Mean of the 
n quantities is obviously less — n being >t — than that of 

the t quantities v, it follows that — is < and therefore 

that — is > - or that ( A^() is > - . 
aTi\ n ^ n 

12. Of the numerous practical questions that arise in connection 
with Capital Redemption Assurances the following may be taken as 
examples: 

(i) A Capital Redemption Policy for a term of 40 years, subject to 
an annual premium at the rate of £1. Ss. per-cent, is olfered for sale just 
before the lltb annual premium falls due. What would be its value as 
an investment to pay 4 per-cent interest, and how would the value be 
affected (^a) if the policy were convertible, at the option of the holder, 
into a Paid-up Policy for a reduced amount bearing the same proportion 
to the full sum assured as the number of premiums paid bears to the 
total number originally payable, {b) if it carried a guaranteed surrender- 
value of 95 per-cent of the premiums paid accumulated at 2 per-cent 
compound interest? 

If the policy be regarded simply as a contract securing the payment 
of the sum assured at the expiration of the original term of 40 years in 
consideration of the due payment of the annual premium, its investment- 
value at the end of 10 years to pay 4 per-cent, would be the present 
value of the sum assured at 4 per-cent interest less the present 
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value of the future premiums at the same rate. Hence, on this 
basis the required value per 100 assured=lOOy30— 1 * 433 ^ at 4 per-cent 
=30*832-25-l77 = 5-655. 

Consider now the effect of assumptions {a) and (If) : 

On assumption (a) the Policy could be converted into a Paid-up 
Policy of 25 per 100 originally assured, and the value of this reduced 
Policy at 4 per-cent would be 25v^^ which=7'708. ^ 

On assumption (6) the policy could be surrendered at the end of 
10 years for *95 x l'4(sni — 1) per 100 assured, where sfi] is to be 
calculated at 2 per-cent, that is, for 14*854. 

In this case, therefore, the surrender- value would be nearly twice the 
4 per-cent value of the Paid-up Policy, while the latter would be 
considerably in excess of the 4 per-cent investment-value of the original 
Policy on the basis of its being kept in force for the full sum assured 
until maturity. 

These results indicate the importance of Paid-up Policy and Surrender- 
Value options in connection with Capital Redemption Policies. 

(ii) A loan is made at 4 per-cent payable annually, and the principal 
is to be repaid by means of a 20-year Capital Redemption Policy, 
subject to an annual premium calculated on a net 3 per-cent basis. 
What is the actual rate of interest paid by the borrower on the entire 
transaction ? 

The value of at 3 per-cent is *03013. Hence, in respect of each 
100 advanced, the borrower pays 3*613 at the heginning of each year 
for a term of 20 years, by way of a premium to secure the repayment of 
the principal, and 4*000 at the end of each year, for the same period, by 
way of interest. The actual rate of interest which he pays on the whole 
transaction is consequently the value of i given by the equation 

I00=4fl^-1- 3*013 a‘7o| . 

On solution of this equation by trial, it will be found that the required 
rate of interest is 4*04 per-cent approximately. 

(iii) Required the value, to pay interest at rate i on the basis of a 
Capital Redemption Assurance being effected to replace capital, of a 
leasehold property of the estimated net value of R per annum for an 
unexpired term of n years. 

Let K denote the required value. 

The investment may be covered by a Policy maturing in either n or 
n-^1 years. 
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(a) . Suppose an ^^-year assurance to be effected, and let Sr 
denote the sum to be assured, and the office rate of premium 
per unit assured. Then, since the premium on the assurance is 
payable in advance, the investor’s total initial outlay will be 
K + Si.P'^. The annual income from the property must suffice to 
pay interest on the total outlay and the renewal premium on the 
assurance. 

Hence E= (K-f SiP'nO^* + SiP'^l . 

At the end of the nth year, interest only will be payable (the 
last premium on the assurance having been paid at the beginning 
of the year out of the income received at the end of the (n---l)th 
year), and there will consequently be a balance of income, amounting 
to SiP',^1, available, with the proceeds of the policy, to replace the 
total outlay; whence 

SrP'..| + Sr = K + S,P'^ 
and Si = K. 

It follows, therefore, from the first equation, that 
E _ Rv 

(b) . Suppose an (n-f l)-year assurance to be effected, and let 
S2 denote the sum to be assured, and P'ri+I( the office rate of 
premium per unit assured. Here, also, the total outlay is 
K -h SoP'vT+Tl , and 

but at the end of the («-fl)th year, the proceeds of the policy 
must provide a year’s interest in addition to replacing the total 
outlay; whence 

82= (1 “f 0 (K d- S2P^;r+Tl) • 

These equations lead to the results 

g - « 

P'»+Tl + rf' 


and 
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From the results obtained in (a) and (5), it appears that the price 
to be paid for an ^i-year annuity of 1 per annum to yield interest at 
rate on the basis of a Capital Redemption Policy being effected to 

V 1 


replace the invested capital, will be 


or 


-1 accordins: 


as an assurance for n ov n-\-l years is effected, and that the sum to be 
assured will be, in the first case, the price paid, and in the second case 
the price paid increased by a year’s rent of the annuity. The expressions 
V , 1 


and 


-1 will not, in general^ be equal for office-values of 


P'^l and P'^rpT) • If j however, both premiums be net premiums calculated 

V 


at the rate of interest then the two expressions become 
1 


and 


1 respectively, and it may easily be shown that each is 


Pn+i|"h ^ 

=a^i. It is clear that this is as it should be, for, under the special 
conditions contemplated, the assurances become merely sinking-funds, 
calculated and accumulated at the rate of interest employed in valuing 
the annuity. 

As a numerical example, let it be required to find the price to be paid 
(allowing for income tax at Is. in the £) for an improved ground 
rent of £100 per annum payable annually for 20 years, the investment 
being made to yield interest at 4 per-cent (less tax) and to admit of the 
replacement of capital by means of a 20-year Capital Redemption 
Assurance at an annual premium of £3. 12s. 3 J. per-cent. 

In this case the formula obtained in {g) will be the one to be 
employed, and 038 ; R=95 ; and P'^= *030125. Hence the price 

95 

to be paid=the sum to be assured= i-ogg ^ :o36125: P 038 

The annual premium on the policy = 1,258*316 x ’036125= 45*457 

Total initial outlay =1,303*773 


Net income from ground rent, less tax= 
Interest on 1,303*773 at 4 per-cent, less tax =49*543 

Annual premium on policy =45*457 


95 


95 


13. Throughout this chapter it has been assumed that the net 
premium for a Capital Redemption Assurance would be calculated on 
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the basis of a single uniform rate of interest. This, however, would not 
always he the case. In view of the difficulty of forecasting, with any 
certainty, the rate of interest likely to be obtainable on investments 
throughout the long periods over which many Capital Redemption 
Assurances extend, it is considered by some authorities that a decreasing 
rate of interest should be employed in the calculation of net premiums 
for such assurances. The assumption of an annual decrease in the rate 
leads to inconveniently complex formulas, and for practical purposes it 
is more usual to take a uniform rate of, say, 3 per-cent for the first ten 
or twenty years, a rate i, i, or ^ per-cent lower for the next ten or 
twenty years, and so on, until a minimum of, say, 2 per-cent is reached. 

Let it be required, for example, to calculate the annual premium for 
a Capital Redemption Assurance on the basis of 3 per-cent for the first 
twenty years, 2^ per-cent for the following twenty years, and 2 per-cent 
thereafter. Clearly for values of n less than 21, the value of P^. will be 

given by the ordinary formula — - — - , where s.n; 4 :i] is taken at 

S per-cent. For values of n between 21 and 40, 

S2i| (l-025)«-2»+fe|-l 
and, finally, for values of n exceeding 40, 

l 

The net value of a policy subject to a premium calculated on this basis 
would, of course, be found by accumulating the premiums paid at 
3 per-cent up to twenty years from the inception of the assurance, at 
per-cent during the following twenty years, and at 2 per-cent 
thereafter. 
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CHAPTER VIII. 

Inteeest Tables. 

1 . In the solution of Compound Interest problems — whether in the 
simpler problems involving merely the calculation, at a specified rate of 
interest, of the present value or amount of a given capital sum or 
annuity, or in those of a more complex description, such, for example, 
as questions involving the determination of the rate of interest in a 
given financial transaction — much time and labour may often be saved 
by the use of Interest Tables, t.e,y prepared tables showing the values of 
the elementary interest functions at various rates of interest. Many 
such tables are already in existence, but it may occasionally be necessary, 
for some practical purpose, to construct a table of some special function 
or to tabulate the values of one of the elementary functions at a sj^ecial 
rate of interest or to a greater number of places of decimals than has 
been retained in any existing table. In studying the subject of 
Interest Tables it is necessary, therefore, to investigate the methods 
that may be employed in the construction of such tables, as well as to 
acquire a knowledge of the nature and extent of the principal existing 
tables-. 

2. The functions whose values have been most generally tabulated 

are ^^-nd — for various values of i and n. The 

^nj 

values of both — and — are given in some tables, but this has 

usually been considered unnecessary, since the values of either function 
can be readily obtained from those of the other by reference to the 

simple relation — = -i- -p 
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Among other functions of which tables have been published maj be 

i j(^ 

mentioned log(l + *), log — , logy,m„ log(l + *)» log«», log—, 




3. In regard to the practical utility of any given set of tables of 
the elementary functions, the following points present themselves for 
consideration: — (i) the range and subdivision of the rates of interest 
for which the results are tabulated, (ii) the range of the values of 
(iii) the number of decimal places given in the results, (iv) the 
arrangement of the tables. 

(i) The rates of interest of practice are usually nominal rates 
convertible half-yearly or quarterly. Now the present value or amount 
of 1 at ratey convertible m times a year is equal to the present value or 


amount of 1 at the effective rate — for m times the ffiven number of 

m 


years, and, similarly, the present value or amount of an annuity of 1 
per annum payable m times a year for n years at the nominal rate j 
convertible m times a year is equal to the present value or amount of an 

annuity of i per annum payable annually for nm years at the effective 


rate — . Hence it follows that, in practice, tables of the elementary 

funetions are required for values of i ranging by small differences 
of ith, or even yV^h, from say *005 upwards. 

In some tables the rates of interest range by larger differences, of 
say y or from a minimum rate of 2 or 3 per-cent, but the values 
of the functions are given for each rate convertible half-yearly and 
quarterly as well as annually — the annuity payments, in the case of 

the functions and — or ~ , being assumed to be made with 

corresponding frequency. Such tables answer much the same purpose 
as those constructed for a more extensive range of annual rates, except 
that they give the values only for integral numbers of years and not 
for integral numbers of half-years or quarters, unless, as in Corbaux’s 
Tables, the values are specially given for each half-year in the case of a 
rate of interest convertible half-yearly, and for each quarter in the case 
of a rate convertible quarterly. For the valuation of Stock Exchange 
securities, and in the determination of the yield on such securities, it is 
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convenient to have the values of the elementary functions for each 
integral number of half-years or quarters. In general, tables cpnstructed 
Upon the Urst-mentioned plan, for effective rates ranging from a low 
initial value by very small differences, are probably the most useful. 

(ii) The values of n generally range from 1 to 50, 60 or 100. 

Financial transactions do not, as a rule, extend over so long a period as 
100 years. Hence, for tables at the higher rates of interest, say 3| 
per-cent and upwards, the utility of which is practically limited to 
transactions in which ayear/y rate of interest is involved, a range of 1 
to 60 in the values of n is sufficient. But, as regards the tables at the 
lower rates (representing in practice half-yearly or quarterly rates), in 
which n will generally denote a number of half-years or quarters, a 
more extensive range is desirable; for example, in the valuation oi 
Consols as at 5th April, 1900, at 2 per-cent convertible quarterly, the 
value of or for ^=•005 would be required. It will be 

obvious that a range of 1 to 100 in the values of n covers a period 
of 50 years for a nominal rate convertible half-yearly, and a period 
of 25 years for a nominal rate convertible quarterly. The value of any 
one of the elementary functions for a value of n beyond the limits of 
a given table may sometimes be conveniently found with the aid of the 
table. Suppose, for example, that it is required to find the value of 

Qi* a'^\ at a quarterly rate of interest, for the purpose of finding 
the yield on India 3 per-cent Stock as at 5th January, 1900, and that 
the available tables only go up to 71=100. The required values may 
then be obtained by means of the relations 

t^l9®=ylOOX7;95; 

The results obtained in this way may not, of course, be correct to as 
many places of decimals as the values upon which they are based. 
Frequently, it will be found more convenient to calculate the required 
values from the appropriate formulas by logarithms. 

(iii) For many practical purposes, tables giving the values of to fi ve 
places of decimals and those of anj to three or four places are sufficient 
But when large sums are involved, and it is required to obtain results 
correct to the nearest penny, greater accuracy is necessary. Suppose, 
for example, that it were required to find the annuity (payable half- 
yearly) to redeem a loan of £100,000 in 50 years, with interest at 

4 per-cent, convertible half-yearly. The value of at 2 per-cent to 
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eight places of decimals is *02320274, so that the half-yearly annuity^ 
payment to the nearest penny would be £2,320. 5s. 6d. The value of 

to five places is *02320. Hence the half-yearly payment, if 

^lool 

calculated by a table giving the values of to five places only, would 

^7lf 

be £2,320, which differs by 5s. Gd. from the correct result. 

(iv) The principal objects to be attained in the arrangement of tables 
are (a) facility and celerity in use when numerous values have to be 
extracted, (b) minimization of the risk of error from the use of the 
wrong table, in case of an isolated reference. 

The most important distinction in regard to arrangement is that in 
some tables the values of the several functions at each rate of interest 
are exhibited in parallel columns, whereas in others the values of each 
function at the various rates of interest are brought together. In the 
determination of an unknown rate of interest the latter arrangement is 
more convenient. 

4. In calculations in which great accuracy is required it may be 
necessary to determine the requisite values from the elementary formulas 
by means of logarithms. For this purpose the table of the values of 
log(l^-^) to 15 places of decimals , originally prepared by the late 
Mr. Peter Gray for the first edition of this work will be found useful, 
in conjunction with an extended logarithm table. 

In order to minimize any risk of error from mistakes in printing or 
other causes, ifc is desirable to use independent tables for calculation and 
for checking. When only one table is available, it may sometimes be 
advisable to check independently by logarithms any values taken from 
the tables. 

6. In the construction of Interest Tables it is usual to employ, 
when practicable, what is known as the Continued Process, i.e.^ a process 
by which each value of the function is obtained from the value next 
preceding or next following it. The advantages of this method of 
procedure are (i) that, in general, it entails much less labour, than would 
be involved in the calculation of the values independently ; (ii) that it 
admits of the whole of the results up to any given point being checked 
by the verification of the value last obtained, since that value depends on 
all those that precede it. On the other hand, an error in the calculation 
nf any given value is carried forward by the Continued Process to every 
subsequent value, so that it is desirable to verify the results by an 
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independent check at short intervals — say, for every tenth value. 
Further, an error may be introduced by the accumulation of a small 
error resulting from the limitation of the number of decimal places 
retained in the calculations, but this can in many cases be obviated by a 
systematic adjustment ; for example, in the construction of a table of 
log(l’04)» by repeated addition of *01703 — this being the value of 
logl*04j to live places of decimals, while the value to seven places is 
*0170333 — an error of, approximately, 1 in defect in the fifth place will 
arise in every three additions, but this may be eliminated by the 
addition of 1 at every third operation. 

0 . In the application of the Continued Process to the tabulation of 
the values of a given function it is necessary to have (i) an Initial 
Value — upon which the subsequent values are based — (ii) a Working^ 
Formula^ a formula connecting one value of the function with the 
next, (iii) a Verification or Check Formula. 

Thus, in the tabulation of the values of an\ for values of n from 1 to 
100, may be taken as the Initial Value, 1 as the 

X — , 

Working Formula, and ai^ = — : — as the Verification Formula, to be 

% 

applied to check every 10th or 20th value. 

7. The principle that a series of values tabulated by a Continued 

Process may be checked by the verification of the value last obtained 
depends upon the assumption that each value is employed in the 
calculation of the next succeeding one. It must be remembered, 
therefore, that the efficacy of a check of this nature, as applied to a 
series of final values, is restricted to those cases in which each final 
value is actually used in the calculation of the next. For example, in 
the tabulation of (l4-«)”> by forming log(l4-^)" by repeated addition 
of log(l-f taking the antilogarithms of the results, the accuracy 

of the final value, say (1 -f I) would not be any proof of the accuracy 
of the preceding values. It would prove only that the values of 
log(l + ^’)’^ were correct. The values of (l-i-z)», having been separately 
obtained by taking antilogarithms, and not being employed in the 
Working Formula, would have to be checked by some other method ; in 
fact, the Continued Process in this case is really used only in the 
calculation of the subsidiary values of log (1 + ^*)^. 

8. A very useful check, when the nature of the tabulated function 
is such as to admit of its being employed, is that obtained by the 
verification of the sum of the tabulated values. This check has the 
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advantages of being equally efficacious, whether the values have been 
calculated separately or by a Continued Process, and of being applicable 
to the detection of mistakes in copying (or printer’s errors in a proof), 
as well as to actual mistakes in calculation. When available, it may 
generally be applied to verify small sections of the resulting values, 
as well as the final total. 

In the tabulation, for example, of the values of u*, the accuracy of 
any series of v successive values, beginning, say, with may be 

verified by seeing that their sum that is, 

or ; . In the application of this check formula, the 

values of and should, of course, be independently calculated. 

In this connection, the following relations will be useful : — 

tn+r 

(I “f" ^mTTj 

wi+l 

m+r 

2 — OmI 

tn+l 

W+l* 

2 lo!j(l + 0’‘=o(2»» + »'+l)log(l + 0 

W-fl ^ 

m+r ^ 

S log ~ (2w4-r-f I) log 

m+l ^ 


m+r w-\-r — \ 

\ 5n| = 2 

m+l m+l •’ 


^m+r+ll — ^m+l| 

i 




t 1 

The functions 7 and do not admit of algebraical 

summation. Consequently, a check of this nature cannot be applied to 

tables of 4" -^ — except for the purpose of verifying a copy or a 

5n| 

printed proof, when the original calculations have been previously 
checked by some other method, 

9. An approximate check, which will sometimes be found useful, is 
afibrded by an inspection of the differences of the tabulated results. 
The differences between the successive values of any function should, in 
general, form a regular series, and as they will, as a rule, be comparatively 
small quantities, any error of importance in the tabulated values wiU 
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usually give rise to an obvious irregularity. Suppose, for example, that 
the amounts of an annuity of 1 per annum for 62 to 67 years at 4 per- 
cent were erroneously printed as 259*451, 270*829, 282*662, 295*968, 
308*767, and 321*078. An inspection of the differences — 11*378, 
11*833, 13*306, 12*799, 12*311 — would show at once that the difference 
between the third and fourth value is too large, while that between the 
fifth and sixth is too small*, and on investigation it would be found that 
the fourth and fifth values should be 294*968 and 307*767, thus altering 
the differences to the regular series 11*378, 11*833, 12*306, 12*799, and 
13*311. 

10 . Tables of the values of (1 + e)^, and may, as a rule, 

be most easily constructed by actual multiplication, by means of the 
Working Formulas 

(l-}-^)^=(l + ^)»-lx (1 + 0; (1 + 0; 

«n|=5;r=i]+(i+0'''*‘; or (i+O^^r^n+i; 

er;n=«ii;i:il + t;^; or (1 + 0077 + 11 - 1 ; 

the first or second formulas for and being applicable according as- 
the functions (l+O’^ and v”' have or have not been already tabulated. 

If, however, the value of i be such that the operation of multiplying 
by 1 + « would be unduly laborious, it may be more convenient to tabulate 
the logarithms of the functions by means of the Working Formulas 

log (l + /)»^=log (l + O’^-i + log (1 + 0 
log v'^ = log 1 — log (1 + 0 

log .971 = log { (1 + 0 ^ 7 :=^ -M } 

log a7| = log (1 + — log (1 + 0 . 

In applying the last two formulas it will be convenient — in order to 
save the labour of taking antilogarithms at each operation — to use a 
table of Gauss’s logarithms, in which the value of log (1 + it?) is found by 
entering the table with logo?. In the case of log97|, the modus operandi 
will be as follows: — Begin with log^i), the value of which is 0, since 
9^=1 for all values of i) obtain log(l + ^)si] by adding log(l + ^) to 
log 9 il, a;nd enter the table of Gauss’s logarithms; the result will be 
log{(l + 0^il*+l} orlogS 2 |; again add log (1 + ^’), obtaining log (l + ^) 9 2 I, 
and enter the table, which will give log{(l + e) 9 ^ + l} or log 93 ) ; and so 
on. In the case of logflf71» begin with logai], i,e,, logi;; obtain 
log (1+ ail) entering the table, and deduct log(l + «), which will give 
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log;(l-f «i|)--log(l + 0 enter the table with this result, and 

deduct log (1 -f i), thus obtaining log (1 -b — log (1 + i) or log « 3] , and 


In each case the work may be facilitated by writing the constant 
quantity log(l + ^) at the top of a moveable card for convenience in 
adding or subtracting at each operation, and a periodical adjustment must 
be made, as explained in Art. 5, to eliminate the error resulting from the 
fact that the value of log(l-hO correct to the number of decimal 

places retained only. 

11 . The values of — and — may be tabulated either from the 

S }j,[ 

values of and a:^ by taking reciprocals, or from logs^Tj and log«,Tl by 
taking the antilogarithms of the complementary logarithms. If the 

values of — and — were calculated independently, the relation 

— = 4-^* would afford the most obvious and convenient method of 

^nj S h 1 

checking the results. As already stated, however, it is not usual to 

tabulate both ~ and since the value of one can be so easily 

^nf ^'n\ 

obtained from that of the other, and the check in question would not, 
therefore, in general be applicable. In these circumstances the calculated 

values of — or , as the case might be, could be verified either by 

taking their reciprocals and comparing the results with the values of 
or or by dividing i on the arithmometer by (l-bf)^— 1 or 

The values of — and — could also be tabulated directly, with the 

sTi\ an\ 

aid of Qauss’s logarithms, by means of the relations 


log — = log 

StiI ^^71 — i{ 

log = log ■■ -- 

Ctnj ^n-li 


-log(l+i)-l«g[l+^— ] 
+log (1 + 0— logfn — V 


12. A table of the values of at a given rate of intei*est may be 
constructed, as explained in Chap. VII, either by taking the reciprocals 
of (sii+i]— 1) or by entering an Annual Premium Conversion Table with 
In this connection it may be noticed that a Single Premiuno 
Conversion Table would, in theory, afford a simple means of checking 
a table of the values of «^i:| , since the result of entering the Conversion 
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Table with should be in practice, however, this check would be 
of little value owing to the limitations of the Conversion Table in the 
matter of decimal places. 

^ ^ (Wp) 

18. The values of (l + i)w and or of 5^^) and anj at the effective 
rate i are not often required, but they could be tabulated, if necessary, 
by the continued methods indicated by the following formulas 

r+l £ 1 

log (1 + 0 =log(l+0’'' + “'log(l + 0 


r r+1 1 

logUm=logt? rn q log(l+0 


or 


or 


S^=s^l+--S (l + *)» 

r=(n-l)m 

, .\ (w) 

log«s; =log sn +log 1+ i — -4—' 

L Si\ J 


(nt) (m) . r 

r=(n-l)m+l 


- (wi) , {m) 

log =log aij 



(m) 

ail 


The formulas given above for log%)*^ and loga^^ are adapted to the 
application of a table of Gauss’s logarithms — the table being entered in 

the one case with logs^r| + log(l + 0~’l^o®?f^ ^^^<1 other with 

logal^— log(l + 0“~^®o^^^^' 1^*^ functions 

(i+O m, vm, s^\ and a^\ a summation formula could easily be obtained 
to check the tabulated values. 

Although the methods indicated above are of some interest as 
generalisations of the methods applicable to the functions (1 + ^*)^, 
and a^[, the most convenient method of constructing tables of 

and in practice would probably be to multiply the values of 5ni 
and ai) (supposing these to have been already tabulated) by the 

i 

factor ■: — . The value of this function would generally be such as to 

Jm 

admit of the values of and being obtained by direct multipli- 
cation with the aid of an extended multiplication table, but if the 
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bgarithms of and a«) had been already tabulated, it might be found 
more convenient to construct log#^^ and log^^!^^ by the addition of the 

constant log-T^, and to take antilogaritbms. The logarithms could 

J(m) 

be verified by the relations 56 *^^==-; — ^ — and the 

Jm Jm 

final results by summation formulas. 

14. The amounts and present values of annuities at any given force 
of interest may be conveniently found by means of a table of the values 

^ p 

of log . The application of such a table will be sufficiently 

indicated by the following relations: 


___ p ^ 

log s^|=log — ^ =log +log n 


log s'5’=log 


8 =■ «8 

« 

^n.5 — 1 — p em-^1 

=loff ^ log 5r~ +lo8 


r - n * “ 


m 


p 1 1 

log «i|=log -j - -- =log — J log — J- +log n 


n8 

quB p 

log dn] = log = log - -f log ^ log e 


&c. 


&c. 


&c. 


16. As an example of the construction of a table, let it be required 
to tabulate the values of — at 3T per-cent. 

In this case the working formula 



1 

^w-l| 


+ log(l + t)— log^l + 



may conveniently be employed with the aid of Wittstein’s Table of 
Gaussian logarithms, from which the values of log(l+a?) may be 
found, with approximate accuracy, to seven places of decimals for all 
values of logo? from 7*0000000 to 4*0000000. The value of log 1*031 
to eight places is -01325867. Hence, in working to seven places, it 
will be necessary to take the seventh figure as 7 in two cases out of 
every three, and as 6 in the remaining case. Also, since the initial 

value log— is log(l + ^), which must be taken as *0132587, it will be 
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best to take tbe seventh figure of log(l-l-/) in the working formula as 

successively 6, 7, 7. The value of log/^l+-^^ will be found by 

1 1 

entering Wittstein with log — or *0132587, and that of log — by 

«i] a'^ 

adding log(l4*i) to ^nd deducting log^l-|- — ^ from the result. 

The addition and subtraction may be performed in a single operatipn, by 
a cross cast, the values of log -4: and logri+-4:') being placed in 
adjacent columns, and the value of log (1 + ^*) being written at the edge 
of a moveable card. The values of r4: will finally be obtained by taking 

(ln\ 

1 


the antilogarithms of the tabulated values of log- 




The logarithmic 


work may be checked by a periodical calculation of log — from the 

formula logf— -log (1— -y”), and the final values by reciprocation and 
summation, or by comparison of their logarithms with the values of 

log — from which they were obtained. The whole process is shown 

in the following specimen of the work : — 


n 

, 1 

log — 

«h| 


1 

»n| 


1 

•0132587 

-3077099 

1-031000 

•96093 

2 

r7188074 

’ -1828040 

-523368 

1*91070 

3 

1-5492612 

*1316861 

*354210 

2-82318 

4 

i-4308338 

•1036911 

*209671 

3-70822 

5 

1-3401013 

*0859960 

•218978 

4-56667 

f) 

1-2670610 

-0737952 

•185210 

5-39928 

7 

1-2071*275 

-0618740 

•161112 

6-20686 

8 

1-1555121 

*0580682 

*143058 

6-99017 

9 

1-1107026 

•05-27068 

•129034 

7-74990 

10 

i-0712545 


•117830 

8-48680 


48-81171 


log(l-03l)-^o=, 1.8674133, whence 7369080 ; 

’°oi^ = loS»-log,(l-p>®)=2-4913017-I-420107(?=Io712541 

n=10 IQ ^ — 

whence =8*486833 and 2 a^= . . . =48 8118 

n=l ^ " 
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It will be observed that tbe values of log — , as obtained by the 

working formula and the check formula respectively, differ in the seventh 
place of decimals. The discrepancy does not, however, affect the 

accuracy of the tabulated value of ^ to the sixth place. The more 

serious discrepancy between the values of as obtained by actual 

summation and the summation formula respectively, is due mainly to 

the fact that the values of i have been cut down to six places before 

reciprocation, which throws out the values of in the fifth place. 

If it had been required to tabulate the values of from an 8-figure 
value of log 1*031, it would have been better to use the formula 

work as follows : — 


n 


X *03 

a.T] X *001 

«nl 

to five places 

10 

8*48()S33 

•251605 

•00S487 

8*4S6S3 

9 

7-749925 

•232498 

*007750 

7*74903 

8 

6*990173 

•209705. 

•006990 

6*99017 

i 7 

6*206868 

•186206 

•006Z07 

6*20687 

6 1 

5*399281 

•161978 

•005399 

5*39928 

5 1 

4*5rU)658 

*137000 

•004567 

4*56666 

4 

3*708225 

•111247 

*003708 

3*70823 

3 

2*823180 

*084695 

*002823 

2*82318 

2 

1*910698 

*057321 

*001911 

1*91070 

1 

•969930 



•96993 


48*81178 


Here the total agrees to the fourth place with the result obtained by 
the summation formula. 

16. As a further example, lot it be required to tabulate P^7|, for 
values of n up to 20, on the basis of a rate of interest falling by equal 
annual decrements from *035 in the 1st year to *0255 in the 20th 
year. Let ii, ^ 2 , &c., denote the rates of interest for the 1st, 2nd, See., 
years, so that ^l=•035, 22=*034i5, «^=‘034, &c. Then 

P^ijCCl + ^n) + (1 + hi) (1 + ^w-i) + • • • + (1 •+• (1 + ^n-i) . . . (1 + ^*i)] =3 


Hence log^ =log(l + *„) +log(l-t- 

XTii' Jrn— i] 


A table of Gaussian 
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logarithms may, therefore, be conveniently employed, with log— , that 

is, log(l-f«i), as the initial value. The results obtained by the 
working formula may be checked by an independent calculation of 

logc^, but the values of log(l-h%) and the final vahies of P,^j must 
P20I 

be individually checked. The work will be as follows : — 


J 

n 

log(l + i„) 



P;a 

log(l+l„).. 

• • • 

(1 

• • • (1 + ^ 20 ) 

1 

•01494035 


•0149404 

•96618 

•25881844 

1-814757 

2 

•01473049 

•3085644 

•3232949 

•47501 

•24387809 

1-753389 

3 

*01452054 

•4920906 

•5066111 

•31145 

•22914760 

1-694914 

4 

•01431048 

•6243630 

•6386735 

•22979 

•21462706 

1-639182 

5 

•01410032 

•7285036 

•742(!039 

•18088 

•20031658 

1-586049 

6 

•01389006 

•8148105 

•8287006 

•14835 

•18621626 

1-535382 

7 

•01367970 

•8887761 

•9024561 

•12518 

•17232620 

1-487052 

8 

•01346923 

•9536791 

•9671483 

•10786 

•15864650 

1-440942 

9 

•01325867 

1-0116323 

1*0248910 

•09443 

•14517727 

1-396939 

10 

•01304800 

1-0640789 

1-0771269 

•08373 

•13191860 

1-354936 

11 

•01283723 

1-1120474 

1*1248846 , 

•07501 

•11887060 

1-314833 

12 

•01262635 

1-1562969 

1-1689233 

•06778 

•10603337 

1-276537 

13 

•01241537 

1-1974035 

1*2098189 

•06169 

•09340702 

1-239961 

14 

•01220430 

1-2358147 

1-2480190 

•05649 

•08099165 

1-205013 

15 

•01199311 

1-2718849 

1-2838780 

•05201 

•06878735 

1-171622 

16 

•01178183 

1*3058996 

1-3176814 

•04812 

•05679424 

1-139710 

17 

•01157044 

1-3380921 

1-3496625 

•04470 

•04501241 

1-109206 

18 

•01135895 

1-3686554 

1-3800144 

•01169 

•03344197 

1-080045 

19 

•01114736 

1-3977510 

1-4088984 

•03900 

•02208302 

1-052163 

20 

•01093566 

1-4255154 

1-4364511 

•03661 

•01093566 

1-025500 


•25881844 


1 

Piol 


= 27*318132 



1-4364510 


In the first column are written the values of log 1*035, log 1*0345, 
log 1*034, &c. The initial value, *0149404, is then placed at the head of 
the third column ; the result of entering Wittstein with *0149404 is 
*3085644, which is placed in the second column, and a cross addition 


gives *3232949 — the value of log ^ . This process is repeated to the 

end of the column. The values of P^] are then obtained by taking the 
antilogarithms of the values of logP^^j, the latter being read off 

mentally from the values of log:J^ by deduction of the first six 
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decimals in from 9 and of the seventh from 10. The numbers 

in the fifth column are obtained by continuous addition of those in 
the first from the bottom upwards, and those in the final column by 

1 


taking antilogarithms. Finally, the cast of the final column gives 


P2or 


and the logarithm of this — being found to agree with the last number 
in the third column — checks the work of the second and third columns. 
The logarithms of the first column and the antilogarithms of the 
fourth column must be checked, as already stated, by individual 
verification. 

17. It remains now to give some account of existing Interest 
Tables. For this purpose it will be convenient to specify some of the 
more important tables, in order of date, and to indicate, so far as may 
appear necessary, their extent or special utility. 


John Laueie. — "Tables of Simple and Compound Interest.** 1770. 

This work contains, inter aliaf tables of ~ to 7 places of decimals for 

S-nl 

rates of interest proceeding by | from 3 to 5 per-cent and for values of n 
from 1 to 50. 


Feancis Coebaux. 1825. 


These tables (which appear in the author’s work on the “ Doctrine of Compound 
Interest”) give — in addition to results which will be found in a more 

convenient form in later works — the values of 







for values of J pro- 


ceeding by i per-cent from 3 to 6 per-cent, and for values of n proceeding 
by J from 4 to 16 and by 1 from 16 to 100. They practically give, 
therefore, for w = l up to n=a64<, the values of the elementary functions 
at rates of interest proceeding by iV from | to 1^ per-cent. These results 
are given to 7 places of decimals in the case of the 1st, 2nd, and 5th 
functions, 7 decreasing to 6 in the case of the 3rd, and 6 decreasing to 
5 in that of the 4th. 


D. Jones. — " On Annuities and Reversionary Payments,” 1844, 

Vol. I of this work contains tables of (l+t)»» and to 8 places, and 
to 6 places, ~ to 8 places, and log to 7 places, for all 

^n\ 

values of n from 1 to 100, and for rates of interest proceeding by i from 
2 to 6 per-cent and thence by 1 to 10 per-cent. 
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P. A. VroLEiNE. — “Nouvelles Tables pour les calculs d*Int4rets Simple ©t 
Composes, Deuxi^me edition. 1854. 

Some of the tables wliich were first published in this work have been repro- 
duced in Spitzer’s later and more extensive collection; the following, 
however, call for notice : — 


Table 

No. 

Function 

tiiMuluted 

n 

100 i 

XVI 

STx\ 

1 to 100 

1 by ^ and ^ up to 

6, and thereafter 
by J and \ to 10 

XVII 


I to 12 

tV by to (ex- 

cept and 

w 

XVIII 

(1 + 

Do. 

Do. 

XX 

1 

1 to 100 

Do. 


The results are given generally to 8 places of decimals. 


T. G. Kance. — "'Compound Interest Tables.’* 1876. 

These tables give the values of (1 Sn\ and a,7i to 7 places, for all values 

of n from 1 to 100, at rates of interest proceeding by J from J to 10 
per-cent. 


F^:doii Thoman. — T heory of Compound Interest and Annuities ” (translated) 

1887. 

In this work the functions log + and log— are tabulated to 7 places, for 

<*ni 

all values of n, from 1 to 100, at rates of interest proceeding by i to 1^, 
tlience by ^ to 6, by ^ to 7, by ^ to 8, and finally by 1 to 12 per-cent. The 

values of logi, log (1 -Hi), log 2(1 -Hi), and = 4, 6, and 12), are 

Jim) 

also given to 7 or 10 places for an extensive range of rates of interest. 


These tables 


^except 


the table of 


Jim)^ 


are reprinted in an Appendix to 


In wood’s Tables (30th edition, 1913), in which will be found tables of 
the elementary functions — generally to 6 places of decimals — and also 


tables of the values of — , 

1 00 




. — and 4-. 

1 + ^ Jim ) 


Ciieut.-Col. W. H. Oakes. — “Tables for finding the Intermediate Rates of Interest 
in an Annuity- Certain.” 1887. 

These tables are designed to facilitate the calculation of the unknown rate of 
interest by the first-difference interpolation formula i = i' ~ {i'—i") ^ ^ , . 

For each value of n from 1 to 100 the values of and 

d ^ —a ii) 


are 
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given in parallel columns for each value of i' proceeding by from | to 
10 per-cent. The values of a'ii] are given to 5 places up to w = 13, 4 places 
from w = 13 to 15, and 3 places from » = 26 to 100; those of the multiplier 
generally to 3 places, but in certain sections of the table to 4 places. 


Lieut.-Col. W. H. Oakes. — ** Tables for finding the Half-yearly Rate of Interest 
from li per-cent upwards, realized on Stock or Bonds, bearing 1 ^, If, 2 , 
2 f, 2\i 2 J, and 3 per-cent Half-yearly Interest, issued at any premium and 
redeemable at par in any number of half-years not exceeding 60.*' 1889. 

These tables give, to the nearest !«?., the values of £100 (g — i)a^ for g= '015, 
•0175, -02, -0225, *025, *0275 and *03, i = 0125, *013125, *01375, .... 
(g — '00625), and ^j=* 3, 4, 5, . . , . 60, together with the additions to the 
tabulated values corresponding to an increase of Id., 2d., 3d., Is. 8d. 
per-cent in the value of t. 


8, Spitzer. — ** Tabellen fiir die Zinses-Zinsen und Renten-Rcchnuug. 4th edition, 
1897. 

These tables give (a) the values of (1 + i)^, — 1, and — for all values 

^n] 

of n from 1 to 100 , at rates of interest proceeding by i and from 0 to 6 
per-cent, and thence by f and ^ to 10 per-cent, also at per-cent (being 
4 per-cent on 105), and at the rates of interest corresponding to the following 
rates of discount: 1, 2, 2f, 2^, 2^, 2f, 2|, 3, 3f, 3^-, 3f, 4^, 6, 5^, and 6 

per-cent (122 rates in all) ; (5) the v»4ues of ~ at the rates of interest 

^ **'n) 

corresponding to the rates of discount specified in (a), with the addition of 
4 per-cent. 

All the results are given to 8 places of decimals. 


H. Murat. — “Tables d’Interets Composes, de Depots, de Rentes et d’Amortissements.” 
1901. 

These tables give the values of (1 +i)’‘, S/Tfi] — 1, and — for 100i = J to 2-| by 

increments of J = 1 to 200), 21 to 3 by increments of J (n« 1 to 150), SJ to 4 
by increments of i(n = l to 150), and dj to 8 by increments of J (n = 1 to 100); 

of a;n and — - — 7 for the same range of values of i (n= 1 to 100 ) ; and 

of the corresponding functions at rates of interest payable in advance. 
Preceding the tables are 178 pp. of theory and examples. 


T. R. Stubbins.— “ Tables of the Present Values of Annuities.” 1905. 

The tables given in this work include a table of the present values (to 3 places 
of decimals) of an annuity of 1 per month at 3 to 8 per-cent per annum 
(by increments of j) convertible monthly. 
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A.. Aenaudeau. — “Tables des Interets Composes, Annuites et Amortissements.’^ 
1906. 

These tables give the values of (l+i)“ to 10 places of decimals and — ta 

7 places for 100i = i to (n = l to 400), 1 to 2/^ (n = l to 200) and 
3 to (n 1 to 100) ; also the values of v” to 7 places for lOOi = 2 to 
(n = l to 100); of to 6 places for 100i = J to (n^l to 200) and 

1 to GtIt (n=l to 100); and of (l + i)i 2 for 100i = l to 5^ (n = l to 12). 
The rates of interest proceed in all cases by increments of jV* % 

J. A. Archer. — “ Compound Interest, Annuity and Sinking Fund Tables.” 1907. 
These tables give the values of (1+i)" and to 10 places of decimals, and 
fin], a;? and — to 8 places, for 100i = l to 2 (n = l to 200) by increments 

of 1 ^, 2 to 4 (n = 1 to 100) by increments of J and 4 to 8 (n = l to 50) by 
increments of J. 

J. Deghuee. — ” Table of Bond Values.” 1908. 

This vs'ork gives the values per-cent, to yield any rate convertible half-yearly 
from 2 to 6 per-cent by increments of ijV and J, of a Bond bearing interest 
at 2^, 3, 3J, 4, 4J, 5 or 6 per-cent payable half-yearly and redeemable in 
i to 50 years by increments of ^ and in 52 J to 100 years by increments 
of 2| ; also the corresponding values for quarterly dividends and yields, 
and some supplementary tables. The values are tabulated to 4 places of 
decimals. 

D. M’Kie. — “T ables of Compound Interest and Annuities.” 1911, 

These tables give the values of v", (l-l-i)’^ and 8;r| to 9 places of decimals for 

100i=-rV to 3 by increments of and for n=«l to 120 ; also the values of 

~ to 7 places for lOOi = J to 3 by increments of J, and for n = 1 to 60. 

Lieut.-Col. W, H. Oakes. — “Tables of Compound Interest.” 1912. 

These tables give the values of (l+i)”, 8^1 and Uni to 5 places, for all values 

of n from 1 to 100, at rates of interest proceeding by J from | to 10 per-cent. 

E. Peueire. — “ Tables de ITnteret compose.” 1912. 

This work includes tables of (1 + i)” to 10 places of decimals, to 7 places, 
to 7 places, and a^) to 8 places for 100i = ^ to IJ (n=l to 300) by 
increments of tSt, in addition to numerous other tables at rates of interest 
proceeding by larger increments. 

In addition to the foregoing, the following special tables may be 
mentioned : — 

W. S. B. Woolhouse’s Tables of the values of 5 and log 5, to 5 places of decimals, 
for values of i proceeding by ^ from J to 10 per-ceiit. xv, 125. 

e*--l 

W. ir. Makeham’s Table of the values of log to 7 places of decimals for values 

X 

of X proceeding by *01 from 0 to 10*4 with supplementary columns by which 
the values of the function for intermediate values of x may be calculated. 
J,LA., XV, 437. 
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D. J. McG. McKenzie’s Tables of the values of log 4^ (to 7 places) and (to 

Jim) fn 

8 increasing to 10 places) for w=s2, 4, 12, 26, 52 and oo, at rates of interest 
proceeding by ^ from 2} to 10 per-cent. J.I.A., xxiii, 183-4. 

P. Gray’s Table of the values of loglo(l + ^) to 15 places of decimals for values 
of i proceeding by jV fi’oiii 0 to 10 per-cent. First Edition of this Work, 
pp. 166-7. 


Interest Tables of limited extent will be found in many text-books 
and works of reference. A few tables, reproduced from the “ Short 
Collection of Actuarial Tables'’, printed by the Institute of Actuaries 
for examination purposes, are appended to this work for the convenience 
of students. 
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CHAPTER IX. 

Formulas of the Infinitesimal Calculus. 

1. In the investigations of the following chapter an elementary 
knowledge of the notation and methods of the Calculus of Finite 
Differences and the Infinitesimal Calculus will be required. For the 
elements of the Calculus of Finite Differences, reference may be made 
to Part II of the TexUJBoolc; in the present chapter it is proposed 
to give some account of the elementary methods of the Infinitesimal 
Calculus. 

2. The Infinitesimal Calculus is practically restricted in its applica- 
tions to functions which possess (it may be within certain limits) the 
property of continuity^ and it will be necessary, therefore, to consider 
in the first instance the nature of a continuous function. 

3. A quantity or magnitude is said to admit of continuous variation 
between certain limits when any intermediate value may be assigned 
to it between those limits. Thus, in the expression denoting the 
present value, at the effective rate of interest of 1 receivable at the 
end of t years (where t may be either integral or partly integral and 
partly fractional), the index t admits of continuous variation between 
0 and any positive finite value, and over any given range of say n years 
an infinite number of different values may be assigned to it, each 
successive value differing from the preceding one by an infinitely small 
quantity. 

4. A quantity which does not admit of variation is called a constant 
quantity. Thus, in the illustration given in the preceding article, if 
in a given problem the rate of interest be fixed, the quantity v will be 
a constant for the purposes of that problem. On the c'^her hand. 
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the expression might, for the purposes of some other problem, be 
used to denote the present value, at any effective rate of interest within 
eertain limits, of 1 receivable at the end of a fixed term of t years ; 
in that case t would be a constant, and v would admit of continuous 
variation within the specified limits. 

6. One variable quantity is said to be a function of another when, 
if any other quantities involved in the expression of the former in 
terms of the latter remain unchanged, the value assigned to the latter 
determines the value of the former. Thus, is a function of 
because for a given constant rate of interest i its value is determined 
by the value of t. Similarly, is a function of v or i, because for 
^ given constant value of t its value is determined by the value 
^issigned to v or i. 

6. When one variable quantity is a function of another, the 

latter is called the independent variable, and the former the dependent 
variable. In investigations of a general character, the independent 
and dependent variables are usually denoted by x and y respectively, 
and the relation between them is expressed in some such form as 
yz=zf{cc), y=zF{x), or Here a; is the independent 

and y is the dependent variable, and the value of the latter can be 
determined for any given value of the former, if the form of the 
function f F, or <^, be known. 

7. A function is said to be a continuous function of x for 

all values of x between the limits a and h when, for each value of x 
between those limits, (i) f{x) has a finite value, and (ii) an infinitely 
small change in the value of x produces an infinitely small change 
in the value of f {x) , 

For example, v^ is a continuous function of t between any finite 
limits, for it assumes a finite value for any assigned finite value of t, 
and, further, the change of v^{v^—l), produced in its value by a 
ehange of h in the value of becomes infinitely small when h is 
indefinitely diminished. 

8. If be a continuous function of x for all values of x 

between x=-a and x=^h, then, since each infinitely small change in 
the value of x produces an infinitely small change in the value 
■oi f{x), it follows that as x changes from a to 5, f(x^ must assume 
at least once every intermediate value between f{a) and fif). It 
may be noted also, as a necessary consequence of this, that if f{a) 
and f (5) have different signs^ there must be some value of x between 

M 2 
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a and 6 for which /(;r)=0, for in changing from a positive to a 
negative value the function must pass through zero. 

9. A continuous function may be represented geometrically in the- 
following way : — 

Let O A and OB he measured to the right along O X to represent. 
a and h respectively, and let the ordinates A M and B JSF he erected 
at right angles to OX to represent (on a proportionate scale) /*(<?)* and 
fih) respectively. Then, if 
fipc) be a continuous function 
of X from ir=a to ir=J, it 
follows from the definition in 
Art. 7 that f{x) has a finite 
value for each value of x 
intermediate between a and 
h. Hence, if 0 0 repre- 
sent any such intermediate 
value of ar, an ordinate O Q 
may be drawn to represent (on the same scale as before) the* 
corresponding value of Suppose an infinitely large number of 

such ordinates to be drawn to represent the successive values assumed 
byy*(a?) as x passes by infinitely small increments fi’oin the value a to 
the value Then it is clear from what has been said in Art. 8 
that the ends of these ordinates would form a continuous chain of 
points from Jil to AT. This chain of points, or curve, forms a 
geometrical representation of the function f{x) from to a?=6. 

10 . It would not, of course, be possible to actually construct the 
curve representing any given function by the method just indicated. 
There are, however, certain special functions — such, for example, as 
those represented by a straight line, a circle, and an ellipse — for which 
a continuous curve may be drawn by some mechanical contrivance. 
Moreover, the general course of any function may often be indicated 
with sufficient accuracy for practical purposes by erecting a number 
of ordinates for various values of the independent variable, and drawing 

freehand curve through their ends. 

Take, for example, the function 

At the point O in the line O X erect an ordinate OB to 
represent unity — or, what is the same thing (1 + 0^* Take 0 Ai, 
Ai A 2 , An As, &c., to the right along O X, and Oa^ ^2 
to the left along 0 X each = 0 5 or unity, and erect the ordinates 
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Ai Bu A^B2, A3 B3, &c., to represent (1 + 0? (l + 0^ (l + 0^ 


respectively, and the ordinates ai 5i, 

&2> % ^3f <&c., to represent t?, 
&c., respectively. Then the 
points . . . . ^3, h2f bi, B, Bi, B2, 
^3, ♦ . • . lie on the chain of points, 
or curve, representing the function 
+ and some idea of the general 
course of the function may be gathered 
by drawing a freehand curve through 
these points as shown in the diagram. 

It will be readily seen that the 
ordinate of the curve tends, ultimately, 
to become zero in the direction O Jl‘ 
and infinitely great in the direction 
OX. 

11. The diagram given in the last 
article may be further utilized for the 
purpose of obtaining a geometrical 
representation of the functions 

i?5i) .. (wi) _ ^ _ 

^il\ > ? and an\' hor, let 

perpendiculars B /ii, Bi 7^2? B2 7t3, 
&c., be drawn from J5, J?2) &c., 

to A\ Bi<f A2 -^2? A3 -Z?3, <&c., and 
let perpendiculars hi Ic^ ^2 ^1? ^3 
&c., be drawn from Z>i, ^2? ^3, &c., to 
O J5, «i hi, «2 ^2? Then, since 

O -7i, A2, A2 A3, &c., O Ui, Ui 

<i2, «2 ^3> &c., are all equal to unity, 

and the ordinates O B^ AiB,, A2B2, 
<&c., aihi, «2 ^2) flTs &3, &c., respectively 
represent 1, (1 + ^), (l-f-f)^, &c,, v, 

<e^, «fcc., it is clear that the rectangles 

Ki 0, K2 Ai, K3 A2, &c., represent 

geometrically the products of unity, 
and 1, (l-h0> (1 + ^)^ > 

the rectangles Ic ai, Tci «2j ^2 ^3> &c., 



represent geometrically the products of unity and v, v^, v^, &c. 
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Hence, if O An and O an be measured to the right and left 
respectively of O, each n 0 B or n, and if a rectangle be constructed 
on each unit of the bases O An Oun in the same manner as those 
constructed in the diagram, the total area contained by the n rectangles 
constructed on 0 An will represent 1 + (1-fO + . . - 

or and the total area contained by the oi rectangles 
constructed on 0 an will represent ov 

Next, let each of the bases O Ai^ Ai A^y O a^y ai a^y &c., be 
divided into m equal parts, let ordinates be drawn to the curve from 
the points of sub-division, and let a new series of rectangles be 
constructed by drawing perpendiculars from the j)oint at which 
each ordinate meets the curve to the next succeeding ordinate 
to the right. Then the ordinates to the right of OB will be 

respectively equal to (1 +«)”*, (14- i)’", &c. ... and 

1 2 £ 

those to the left of OB will be respectively equal to &c. , . . v^. 

Hence, since the bases of the new series of rectangles are all = — » 

m 

the total area contained by the new rectangles now constructed on the 
base 0 An will represent 

ijn-(i+i)™+(n-0"‘+ . . . +(n-o”'“] or 

and the total area contained by the new rectangles constructed on Oa^ 
will represent 

1 i £ 

— (t;”»4-u"*4- . . . 4-t?”) or Un] . 
m 

If now m be indefinitely increased, the area contained by the resulting 
series of rectangles on the base O An will ultimately coincide with the 
figure contained by Oi?, O An, An Bn, and the intercepted portion 
of the curve, and, similarly, the area contained by the rectangles on 
the base Oan will ultimately coincide with the figure contained by 
OB, Oan, anhn, and the intercepted portion of the curve. But, if m 

be indefinitely increased, becomes and becomes dii]. Hence, 
the area bounded by OB, O An, An Bn and the curve geometrically 
represents and the area bounded by OB, Oan, On hn and the curve 
geometrically represents 

12. The foregoing explanation of the nature of a continuous, 
function may assist the student to understand the general character 
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of the problems to which the methods of the Infinitesimal Calculus 
are more particularly adapted. 

The ordinary arithmetical or algebraical Calculus and the Calculus of 
Finite Differences furnish methods of dealing with the values of a 
function corresponding to any specified values of the independent 
variable, and with the changes in the value of the function resulting 
from finite changes in the value of the independent variable. The 
Infinitesimal Calculus, on the other hand, affords a means of dealing 
with problems in which account has to be taken of all the values 
assumed by a function in passing from the value corresponding to one 
value of the independent variable to that corresponding to another, or 
of the change in the value of the function corresponding to an infinitely 
small change in the value of the independent variable. The Differential 
Calculus deals primarily with the latter class of problems, the Integral 
Calculus with the former. 

13. When a variable quantity changes from one value to another, 
the amount by which the latter value exceeds the former is called the 
increment of the quantity. An increment in the value of the 
independent variable x is frequently denoted by 7i, Aa?, or 8a?, and the 
corresponding increment in the value of the dependent variable y by 
h, JH^y, or 8y. 

14. Let y be a continuous function of x for all values of x between 
certain limits ; within those limits let x receive an increment Ji, and let 
the corresponding increment in y be so that, if y=.f{x)y 

and y=/(^-h^) 

Then it is clear that the rate of change of y corresponding to an 
infinitely small increment of x will be measured by the limiting value, 

when 7i=:0, of ^ or ^ rpj^jg limiting value is called the 

■first derived function or differential coefficient of y according to a*, 

and IS denoted by f {x), or , or — — . 

The identity f written in the forno 

dy=:f{x)dx. 
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with the meaning that the limiting value of the ratio of Ay to/'(ir)Ax 
is unity. 

16. A geometrical interpretation of the differential coefficient of a 
function may be obtained in the following way ; — Let the curve in the 
annexed diagram be the 
curve representing the 
function f{x), and let 
so that the ordi- 
nate A M represents y 
or Take AB=h 

and draw the ordinate 
£ Then £ Ar=y + k 
or 4“ h ) . Draw M Q 
perpendicular to .SAT, join 
A7 M and produce it to cut 

AT O l^B 

OXm B. Then and ^ or 

^ MQ, B B 

Now suppose h to be indefinitely diminished. Then the points B and N 

move up to the points A and M respectively, and the line NMB tends 

towards a limiting position M say, and becomes a tangent to the 

curve at the point M, Hence, the limiting value of*^ 

. AM 



h h 


h 


A r 


where JLTT is a tangent to the curve at the point M. In 


. . dy N AM 

symbols 

10. The greater the value of /'(^)» greater will be the ratio 
A M 

— and the greater, consequently, the angle which the tangent to 
A Jl 

the curve makes with O X. It appears, therefore, that the differential 
coefficient affords a measure of the gradient or steepness of the curve at 
any given point. 

It is evident, also, that a small increment in the value of a? will 
[)roduce an increment or decrement in the value of y according as /'(^) 
is positive or negative. Hence, if /'(a:) is positive for all values of x 
over a given range, then increases with x throughout that range, 
and, conversely, if fix) is negative for all values of x over a given 
range, then throughout that range fix) decreases as x increases. 
Again, if /'(or) is positive for all values of x throughout a certain range 
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up to and negative for all greater values of co throughout a certain 
range, or, in other tvords, if f\iio) changes from 'positive to negative as 
^ passes through tlie value «, then y*(:r) increases with x up to x^a^ 
and then decreases. Similarly, if f'{x) changes from negative to 
positive^ as x passes through the value a, then f{x) decreases as x 
increases up to and then increases^ Now, as explained in Art. 8, 
in changing from positive to negative, or from negative to positive, /‘'(a?) 
must pass through zero. Hence, if y*(^) increase with x up to x=^a 
and thereafter decrease, or vice versa^ y‘'(«)=0. When a function 
increases up to a certain value of the independent variable and then 
decreases, it is said to have a 'maximum value, or to be a maximum for 
that value of the variable; and when it decreases as the variable 
increases up to a certain value and then increases, it is said to have a 
minimum value, or to be a minimum for that value of the variable. The 
result just obtained may, therefore, be expressed in the statement that, 
if f(x) is a maximum or minimum for /'(a)=0. It will be 

shown hereafter, analytically, that this is a necessary condition, although 
not the only necessary condition, for the existence of a maximum or 
minimum. 

Geometrically, it will be obvious that the equation (< 7 ) = 0 expresses 
the condition that the tangent to the curve at the j^olnt corresponding 
to the vfilue a oi x should be parallel to 0 X, and it is clear that this 
will be the case at any point at which the curve attains a maximum or 
minimum distance from 0 AT, at which, that is to say, f{x') is a 
maximum or minimum. 

17. The operation of finding the differential coefficient of a function 
is called differentiating the function. Any given function which admits 
of differentiation may be differentiated from first principles by finding 

^ -j-. yy 

the limit of the expression when Ji =0, but the process 

may in many cases be simplified by the aid of the following general 
rules : — 

(i) The differential coefficient of a constant is zero. 

This is obvious, since a change in the independent variable does not 
produce any corresponding change in a constant. 

Hence, additive or subtractive constants (as distinguished from 
constants involved as coefficients or indices of variable quantities) 
•disappear on differentiation. 
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(ii) The differential coefficient of the algebraic sum of a number of 
functions is the sum of the differential coefficients of the several 
functions. 

Lety=:w-f where «?, tc. . . are functions of x. 

Then, if Ay, Aw, At’, Aw? . . . are the increments of y, e/, v, to ^ 
corresponding to an increment of Aa? in a;. 


whence 

and 


y4-Ay=w-fAw-f«? + At?-f'tt? + ^^«? + 

Ay=Aw*f At?-hAw?-|- . . . 

Ay Az^ . At? . Azz? 

— = “ h-r h-r h... 

Ao? Aar Aar Aar 


which becomes in the limit, when Aar is indefinitely diminished, 

dy^du dv dw 

dx dx dx e/ar ^ * * * 


(iii) The differential coefficient of the product of two functions 19 
the sum of the products of each function and the differential coefficient 
of the other. 

Let y=:wt?, 

where u and v are both functions of x. 


Then Ay=(zzH- Az^)(z?4' A^^) — 


= zzAv4-i?Aw-l- Aw . Ai? 


=wAt?-f (y-f At?)Az^ 


and 


A?/ Az? , ^ . A?^ 

=w~ -f (^r + A^?) —, 
Aar Aa? Aar 


whence, in the limit, since ir + Ay becomes w, 


z^y ^ do dll' 

dx dx dx* 


If «? be a constant, C say, so that y=Cw, then by rule (i) its- 


differential coefficient vanishes, and ^ = C ~ . 

dx dx 


(iv) The differential coefficient of the product of any number oi 
functions is the sum of the products of the differential coefficient of 
each function and the remaining functions. 



Art. 17.] 


KtJLES FOR DIFFEBEIJTIATION. 


171 


Let 


and 


yz=:uvw. 

Put vw^z. Then y=.iiz 

dy __ dz du 
dx ^ dx^^ dx* 


. dz dw dv 

But since z^viv^ 

dx dx dx 


dy dw 
dx^'^^^dx 


du dv 

■^vio— + ivu^ . 
dx dx 


This result may be Avritten in the form — 

1 dy 1 du 1 dv 1 dw 
y dx u dx^ V dx^ tv dx 

and can obviously be extended to the product of any number of 
functions. 

(v) The differential coefficient of the quotient of two functions h 
the result obtained by deducting the product of the numerator and the 
differential coefficient of the denominator from the product of the 
denominator and the differential coefficient of the numerator, and 
dividing by the square of the denominator. 


Let 



Then 


whence 

and, in the limit, 


Ay=: 


^x 


u-\- ^u 


t;-f Ay 

V 

Au 

Av 

^ Ax 

^Ax 


v{v-\-/^v) 


v^u--u^v 
At;) * 


dy_ 

dx 


1 / du dv 


)■ 


This result may be written in the symmetrical form— 

1 dy du 1 dv 
y dx u dx V dx' 


(vi) The differential coefficient of y according to x, where y is a 
function of u and w is a function of x^ is the p^Aduct of the differential 
coefficients of y according to u and u according to x. 
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For let Ay and Au be fcbe increments of y and u corresponding to an 
increment of Ao? in cc. 


whence, in the limit, 


Ay Av Au.. ,, 
— = identically, 

Ao? At^ Ax 


dif _ dy du 
dx du dx * 


18. It is now necessary to determine the differential coefficients of 
those functions which occur most commonly, alone or in combination, in 
practice. Most of these must be deduced from first principles. 

(i) To find the differential coefficient of a rational power. 

Let y=^^, and first let n be integral. 


Ti- {x-^}i)^—x'^ 
^ 




n{n—V) 




The terms after the first, being finite in number, vanish when h 
becomes infinitely small. 

Hence, if n be integral, ^ Next, let n be fractional, and 


= - where r and 5 are both integral. Then 

Now, by the result just obtained, 

d(y^) . , d(x'*') 

1 1 :=zsx s and — ~ = rx ^ " 

dy dx 


and, by Art. 17 (vi), 


Hence 


d{f) _d {f) dy 
’ dx dy dx' 

<^y 1 ^ -~i 

dx » 

sx « 


Lastly, let n be negative and = — 


Then y=-^. 


Now, by Art. 17 (v), 


© 


dx 
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aw 

which, since t is positive, = — ; 

CO 


• « , — C'U. • 

ax 


Hence, i£ n be any rational quantity, positive, negative, or fractional, 


i^rl=nxn-K 

ax 

(ii) To find the differential coefficient of an exponential. 
Let 

Then 


Ti + e^ — 1 

= Lt/i=:0 i =^^Lt/4=:0 7 • 

dx h h 


Now 


h ^2 


h ^ \ 


the limiting value of which, when li becomes infinitely small, is 1. 


Hence 


dx 


= er 


Next, let y=a^. 
Then 

and 

where 


y = 

07 log 0 a = ii>. 


Now 


Hence 


d{e^'') d{e^) dii 

dx da dx * 

_ e» . 

dx dx 


= . log^ a 

= , loga « • 

(iii) To find the differential coefficient of a logarithm. 
Let y-log,^. 


Then 


ey=x. 
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Now, by Art. 

17 (vi), since y is a function of a?, and ev is a 

function of y, 

dey deV dy 


dx dy dx 

But, by example (ii) of this Article, 


11 

Hence 

dy dx 

tx'^ Tx'^^' 

whence 

dy 1 

z=ze-y— 
dx X 

Since 

logeor 
loga a? — ~ , 

® log* a 

it follows that 

<?(log„ x) _ 1 

dx a:logefl5* 


19. In differentiating a function consisting of a number of 
factors, it is often convenient to take logarithms. For example, let 
uvw. 






where <^, 6^ &c., are all functions of x. Then 


logy = log log y + log log/— log<i!>— log0— . . . 


and 


whence 


1 dy 1 du 1 dv , 

± ■=: ^ (- 

y dx u dx V dx 


1 dw 

~ — h • • • 

w dx 


^ 1 _ 1 _ 
/ dx dx 6 dx 


dy __ uvio . . . 
~dx f<l>d . . . 


[ 


1 dit dv dw 
u dx V dx to dx 


1 1 ^ 
f dx 0 dx 


1 d£i 
6 dx 



It may be easily seen that this result is identical with that obtained 
by the application of rules (iv) and (v) of Art. 17. 

The same artifice may be conveniently adopted in many other cases. 
Let it be required, for example, to find the differential coefficient 
of 
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Here 

hence 


and 


logey=c*log«y 

i ^ = c*logeclog«^ 

^ aa: 

= c*log«cloge^.5r«*. 


20. The result of 


differentiating 


X! 

according to x is called the 


second differential coefficient or second derivative of y. The second 
differential coefficient of y is denoted by the symbol or, if y=if{x)^ 


by Similarly, the result of repeating the operation of differentia- 
tion n times in succession is called the ^ith differential coefficient or 

If 

derivative', and is denoted by ory‘*”^(a:). 


21. If y be a product of two functions of u and it may be 
easily shown, by a metliod similar to that employed in establishing the 
Einomial Theorem for a positive integral exponent, that 


d'^xj d'^v du 
^ =,u-r~ -Yn-r 
dx^ dx'^ dx 


n{xi—V) dHi d^^~^v 
dx‘^^^ 2 dx^ dx^~^ 


dv dHt 
dx''^~'^ dx t/o?’* 


22. If y=tro+«iar+^2‘^’^+ • • . + 


then 


ff- =zai-j-2a2X-\~SasX“+ . • . -f 
dx 


dx^^ 


2 « 2+2 • 3 ^ 307 - 1 - • . .-V'ii{n—l)anX''^-- 


Hence, if y be a rational integral function of x of the wth degree, each 
derivative is a function of a degree one lower than the preceding 
derivative, the iii\i derivative is a constant, and all higher derivatives 
vanish. 

23. Let f{x) be a function of ar, which admits of being expanded in 
a convergent series in powers of x for all values of x within a certain 
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range. Then it may be shown, and will here be assumed, that the 
function and its successive derivatives are continuous within the 
specified range of values of x. 

Assume that /(^) = -f + • • • 

Then . • • 

f\x) = 2^?a-h2 . Saaor-f- • . • 

• • 

• • 

y‘^"^(;r)= nl • • • 

Put x=0 in these equations. Then 

««=/(0); «,=/(0); a, = 1/^(0); &c. l/«(0), 

where /(O), denote the results obtained by putting 

a?=0 in yCx) and its 1st, 2nd, <fec., derivatives. 

Hence, by substitution of these values in the original expansion, it 
follows that 

/W=/(0) +^/(0) + 1^,/''(0) + . . . + ^/»‘>(0) + . . . 

Again, let /(o^) =*</)(« + a?). 

Then = ~ 

and so on, whence, if x be put =0, 

/(0)=<^(«) ; /(0) = <^'(a) ; r(0) = i>\a) ; &c. 

Hence, by substitution, 

<f,(a+x)=<l>{a)+X(l)'(_a)+ - j <#>"(«!) + . . . 

The expansions just obtained are known as Maclaurin’s and Taylor^s 
Theorems respectively, and it must be borne in mind that their 
applicability in any given case depends upon whether the function^ 
fulfils the assumed conditions. 

As an example of the application of Maclaurin’s Theorem, let it be 
required to expand 6^ in powers of x = then /'fa?) =^, 
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r(0)=l; 


and generally 

and ^^(0)=! ; whence 

^2 a«3 

«*=l+^+ T! + • 


Hence y(0) = l; 



-f- . . . 


/(0)=l! 


This series is known to be convergent for all values of n. 

Again, as an example of the application of Taylor’s Theorem, let it 
be required to expand («j-f in a series of powers of a;. 

Here — 1} . . . (n — 

Hence (a + a;)»=fl!»+«a”"'a:+ . . . 

If 11 be negative or fractional and be >«, this series is divergent, 
and, in that case, therefore, Taylor’s expansion would not hold. 

24. It has been shown in Art. 16 that if a continuous function 
f{cc) is a maximum or minimum for the value a of the independent 
variable, then /*'(») =0. It will now be desirable to investigate the 
conditions for a maximum or minimum analytically. A maximum 
value of a continuous function is one which is greater, and a minimum 
value is one which is less than the neighbouring values on either side. 
In symbols, if f{oo) be a maximum for co^a, then, for small values 
of h, f(a-\‘h)—‘f(a) and /‘(«— A)— /"(«) must both be and, 

similarly, if it be a minimum, then these expressions must both be 
'positive, Now, by Taylor’s Theorem, 

/(« +/0 -/(«)= • • • 


Ji'i 7i3 

and -f(a) = -hf{a) + ^/'(«) - ^/"(») + • • • 


li f\a) be not 0, then d" ^0 and /*(«-— 7^) —/’(«) will have 

different signs, for, since h may be made indefinitely small, the signs 
of the right-hand sides of the two equations will be determined by that 
of But, in order that ficc) may be a maximum or minimum for 

3-nd — must have the same sign. 

Hence, for a maximum or minimum, /*'(«) =0. If, now, f"(a) be 
positive, then /*(a?) will be a minimum for 07=: a, wliile, if f\(i) be 
negative, fix') will be a maximum. But, if /"(a)=0, then/'"(^) i>aust 
also be 0, in order that f{x) may be a maximum or minimum for d?=a, 

N 
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andf(a) will be a maximum or minimum according is negative 

or positive, and so on. Hence, generally, f(^) will be a maximum or 
minimum for a:=^a, if the first derivative which is not 0 for this value 
of iP is of even order, and it will be a maximum or a minimum, 
according as this derivative is negative or positive. In order, therefore, 
to find the maxima or minima (if any) of a given function of /’(-r) 
say, it is necessary (i) to find the values of a? which satisfy the equation 
and (ii) to examine the corresponding values of the 
successive derivatives until a derivative is reached which does not 
vanish. 

It may be observed tliat the maximum values of a function will not 
all necessarily be greater than its minimum values, for a maximum or 
minimum value is determined with reference only to the immediately 
neighbouring values of the function. 

25. It has been indicated in Art, 4 that a quantity regarded as a 
constant for the purposes of one problem may become an independent 
variable for the purposes of another. In some problems two or more 
quantities contained in the expression of a function may have to be 
regarded as variable, or susceptible of continuous variation. In these 
circumstances the function would be said to be a function of two, 
three, &c., variables, as the case might be, and the differential coefficient 
of the function according to any one of the variables a? (the other 
variables being considered for the moment as constants) is called the 
'partial differential coefficient according to a?, and is often denoted, for 

0 

purposes of distinction, by the special symbol 

Thus, if u=f{x,y), 

_ = Lt,.=„ . 

Let Am denote the increment of u when hath x and y are supposed 
lo receive increments, the former of Ti and the latter of k. 

Then Am =f{x + h,y+h') —f{x, y) 

=if(x +h,y + k) —f{x, y + k) 

+/(;*?, y+*)-/(a?,.y). 

Now. as % is indefinitely diminished, 

ft 
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approaches the limiting value 




, and when h is indefinitely 


diminished ^ ^ ^1 ' approaches the limiting value , 

fc 0y 

1-1 1 y) TT • 1- .1 1 . 

while becomes . Hence, in the limit, the relation 

Aw=yi(^ + Zf, y-f/i?)— y) may be written in the symbolical form 

, 9/ . T 

= ~ . c/o: 4- • dy. 

cx oy 

By similar reasoning, this relation can be extended to any number of 

variables, so that, if u=f{x,i/,z . . . )> 

da= :^dx-\- —• dxj-\- -~xlz^ . . . 

^x dy dz 

Suppose now that where both v and to are functions of x. 

Then, from the above, 

“ • dv-h ^diOf 
dv cto 

which may be written in the form 

_ 0/ do . . df dw 

di(z=z ^ (/;r 4- r— • — i/o? . 

00 dx ow dx 


Hence 


du_^ 0/ do df dio 

dx do dx dw dx ’ 


26. It remains now to explain the notation and elementary methods 
of the Integral Calculus. 

27. Let <ii{x) be a given function of X] then ^{d) will be the value 

of the function corresponding to and will be the value 

corresponding to a?=5. Now let h'—az=^nh, and let it be required 
to find the value of 27^) d- , . . that is, 

the sum of the products of each successive value of the function and 
the increment in the value of x. The evaluation of this sum, which 

may be symbolically denoted by is a problem in finite 

summation, and, as such, may be solved by the methods of algebra or 
finite differences. But suppose h to be indefinitely decreased. The 
number of terms comprised in 2 will then be indefinitely increased, and 

N 2 
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as j? changes bj infinitely small increments from a to 5, <^(^) will 
assume in succession each corresponding value from ^{a) to ^(^). In 
these circumstances, the limiting value of the sum (if such a value 
exist) is called the definite integral of <^(a?) between the limits a and h, 


and is denoted by ^ i^{pc)dx^ the symbol ^ being a long s (the first 


letter of the word “sum”), and the dx denoting that the increment 
by which each value of ^{x) is to be multiplied, is to be indefinitely 
diminished. The evaluation of this sum is the fundamental problem of 
the Integral Calculus. 

28. A geometrical representation of a definite integral may be 
obtained in the following way : — 

Let the function <^{x') be represented by the curve shown in the 
annexed diagram, in the manner explained in Art. 9, so that the 
ordinate of the curve at any point is the value of <^(^) corresponding 
to the value of x represented by the distance along O X from 0 to the 
foot of the ordinate. Let O A^a and O B = h, let A JB he divided 
into n parts, each = h, and on each of these parts let a rectangle be 
constructed as shown in the diagram. Then 



A B and the area of any one of the rectangles 

will be r^). Hence the whole area represented by the rectangles 

constructed on A B will be Now suppose % to be 

indefinitely diminished. In these circumstances the number of rectangles 
will become infinitely large, while their bases will become infinitely 
small, and their total area will ultimately coincide with that contained 
by AB^ AM, B X, and the curve M' X. Hence the area contained 
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by the ordinates A 21 and B the base B A and the intercepted 

portion of the curve forms a geometrical representation of / 

29. The applications of the Integral Calculus to the Theory of 
Compound Interest may now be illustrated. For it has been shown in 
Art. 11 that if a curve be drawn to represent the function (1-fj)^, 
then the area contained by the base Oan drawn to the left along O X' 
to represent the ordinates O B and (inhn and the intercepted portion 
of the curve forms a geometrical representation of But in the 

notation of the Integral Calculus, this area is ==y 


Hence 


Similarly, 


/ v^dt, 

0 


30. It is now necessary to investigate a method of evaluating the 
definite integral C <f>(iv)da;. 

^ a 

Let/ (a?) be a function of co such that f Then, since 

is the limiting value of the expression ^ when h is 

indefinitely diminished, it follows that C regarded as the 

a 

limiting value of = the limiting value of 

that is, of 

+/(« + nh) —f{a -j-n — Ih) 


which = /’(a -f 71^) — /((Tj) . Now when h is indefinitely diminished, 

nh=::h — af and the expression just given becomes /"C^)— ;/(«). 

Hence C <i>{^)dx—J\h)—f{a) 

•J a 

where f (^) 

The problem of evaluating the definite integral of resolves 

itself, therefore, into finding the function whose differential coefficient is 
that is, into performing a process which is the converse of 
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difEereiitiation. 


By reference to the object in view, the symbol^^^(^)</a: 


is used to denote the process in question, and this symbol is called an 
Indefinite Integral of The process is called integration. 

81. Although it may be proved that every continuous function has an 
indefinite integral, no infallible rules can be laid down for finding the 
integral of any given function. The process rests ultimately on the 
recognition of the function to be integrated (or of some simpler function 
upon the integral of which the integral in question may be found to 
depend), as the differential coefficient of some known function. Hence 
the requisites for success in integration are (i) a knowledge of the 
differential coefficients of various standard functions, (ii) a knowledge 
of the artifices by which indefinite integrals may be resolved into others 
of a simpler character. 

82. It would be beyond the scope of this chapter, or the immediate 
requirements of students of this work, to attempt to give a complete 
list of fundamental integrals, or a resume of methods of reduction 
Under the first head it will be sufficient to note the following results; — 


clx 


L 

Tx 




L 

dx 


log 



1 


X 


ITonce / = ; 

(cxce 2 >t for —1) 

„ e^ dx = e^ 

J log. a 


” J X 


log^o? 


In all the above results (x~\‘C) may be substituted for Xy since the 
addition of a constant to x does not afiect the form of the differential 
coefficient. Similarl}”, a constant factor may be introduced ^ thus; — 


/« 


ce^dx^ce^. Again, since 
d 


dx 




dt( 

dx 




+P+ 

dx 


it follows that 

{u^v + w^- , . ,)dx udx^ f vdx^-J^ wdx^,<. 
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For example, 


. . . '\-anX'^')dx 


cc“^ 

=«oa?+«i 2 + 


4* 0>y 


^»+l 


33. Under the second heading mentioned above, two artifices of 
special utility may be mentioned. The first is the process of changing 
the independent variable. 

Let it be required to find ^ ^{x)dx^ and suppose that can he 
expressed in the form where and that so 

that I; =X(«). Then f du. 

too 


If now can be recognized as the differential coefficient of some 

XM 

known function of w, the integral can be expressed as a function of u 
and hence of ac. 

For example, let (l>(^) = c^g^^. 

Put u^c^\ so that 


and 


Then 


du = log eCdx^tl^ log ecdoff. 

du 


c^g^^dx = ^ iig^^ 
du 

J log^c 


U log<j c 

1 


losr. c loo 


•r 




l0ge<7l0g^y 


In this case an experienced integrator would at once recognize c^^g^^ as 
the differential coefficient (except for a constant factor) of g^^ and 
would therefore save the trouble of going through tfie intermediate 
process of putting c^^Uy but the artifice is one that may often be 
usefully employed to reduce less easily recognized functions. 

The second artifice to be noticed is that of integration by parts, and 
is obtained from the well-known formula of the Differential Calculus 


d(uv) 

dx 


dv 


■=.u 


dx 


+ v 


du 

di^ 



m 
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which gives, on integration, 


/ dv , /• dll , 

w -r- to = — / V -- to. 

to J to 


Hence the rule: — If the function to be integrated consists of two 
factors, one of which (the second, say, for identification) is recognizable 
as a differential coefficient, then the required integral = the product of 
the first factor and the integral of the second, less the integral of the 
product of the differential coefficient of the first factor and the integral 
of the second. 


For example, required log a: to. 


This may be written 


to, for the differential coefficient 


of X is 1. Hence by the formula 


loga? to=a? loga?--y^ 


==a; 




dx-=‘X\o^x—x, 


34. In infinitesimal analysis it is sometimes necessary to find the 
differential coefficient of a Definite Integral. 

d 

Let it be required to find -j / €j>(x,c)dxy where a, h, and <f>{x, c) 

are all functions of c, the g being inserted in so that its presence in 
the function may be more clearly indicated. 

Assume that 

^ fji{x, c)dx=:'f'{x, C), 

J'^ <t>{x, o)dx=-<^(h, c) —’>!r(a, c), 

deJ a do do 


Then 

and 


=: by Art. 25 


dyjr{h,c) d'^{h^c) dh 

0c dh dc 

c) 0'^(a, c) da 
do da dc* 
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Now 


Hence 

— 0J— = ^(h, 0) 

and 

II 

iri 

I 


Also 


dyf/(h,c) d'^}r{a,e) ^ r i /, n • / xn 


-ib 


d 

= — / ^{pc^ c)dx 

OC 0 , 

-It; + — g) 

■*■*./ a h J a de 


dx. 


Hence, fiunlly, 

s, c) 


d 


_ 


If neither i nor « be a function of then 


d 

dc 


y rib p^b 

^(vT, c)dx=: j 

a *y a 


dc 


35. It has been shown that the evaluation of a Definite Inteo-ral 

O 

depends, in general upon the determination of the Indefinite Integral. 
Sometimes, however, the value of the Definite Integral between some 
•special limits can be found, when the Indefinite Integral cannot be 
expressed in finite terms. For example, it may be shown that 





\/ TT 

27' 


When a required Definite Integral cannot be found, either by the 
determination of the Indefinite Integral or otherwise, it is necessary to 
resort to some one of the various methods of approximate integration. 
These methods (which are of special importance in connection with the 
subject of Life Contingencies, since most of the functions met with in 
that subject do not admit of exact integration) consist either (i) in 
replacing the given Integral by a nearly equivalent Integral of a simpler 
character or by a series of such Integrals, or (ii) in expanding the given 
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Integral in a series of equidistant values of tlie function to be integrated 
(multiplied by a constant factor) and the successive differential 
coefficients of the function. 

36. The general process adopted in the practical application of the 
first of the above-mentioned methods of approximation may be indicated 
by reference to the geometrical representation of a Definite Integral. 
It has been shown in Art. 28 that the evaluation of the ^Definite 

Integral / <f>(c(i)dx comes to the same thing as the determination of 

a 

the area contained by the base (b — a), the two ordinates and <^(^), 
and the intercepted portion of the curve which represents the function 
Now this area will not be materially altered if the true curve be 
replaced by another curve following approximately the same course. 
Hence, if some integrahle function, ^lr(x) say, can be found which, when 
graphically represented, will occupy nearly the same position as the 

curve representing </>(.r), then the value of / ylr(x)dx will be 

a 

approximately the same as that of / (l)(x)dx. Now the function 

a 

<?o + -h -f- .... may be made to assume the same values 

as for n values of x [or, in other words, to pass through n points 
on the curve representing <^(a;)], by assigning to Cq, Ci, <fcc. . . . Cu^i . . . 
the values given by the simultaneous equations 


Co^'CiXi-\- . . . =<^(a’,) or iji 

CQ’\-C^Xn'\- . . . = 

If, then, (ii — T) equidistant ordinates be drawn to the curve 
representing <i>{x) between and and Cq, Ci, C 2 . * be 

given the values determined by the equations 


h — a 


f b — a\ r 6 — / b — a\ 

,7Zij+ • • • ,rriJ 

/ 2h — a\ ( , f 2h — a\ 

^0+ J + • • • + + -„3r j 


CQ-^Cib-{- . . . = 
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then the curve representing the function Co-j-Cior-f , , , -f will 

coincide with that representing 0 (a*) at each end of the section under 
consideration, and also at 2 intermediate points, and will clearly, 
therefore, follow more or less the same course. Hence, approximately, 

1,/ a a 

=Cu(J— a) + ^ {¥—a-) + . . . 4- (4“— «»). 

Suppose, for example, that « be taken as 3, and for convenience let 
X be measured from the foot of the central ordinate, so that the required 

6— ff 

integral becomes ^ ^ <ft(x)Jx, and let cf>^ 

~ 'Y~ 

be denoted by y-j, yo y\ • Then 


and 



h — a 


-a)' 

2 

Cq C\ 

2 

+ <*2 


• =y-l 

Co 




=yo 



-r£2 — 


2 

Coy Cl 

2 

d 

■ =yi 


yi—y-\ , 2(y-i— 2yo+yi) 

whence Co=yo; j and ^ 2 = — 

0 — a ^b — ay 

and the required integral 

6 — g 

= approximately ^ (Ciiycixyc 2 x^)(lx 


= Co(Z»-fO+ ^ — - 


The geometrical interpretation of this result is that the area representing 
the required integral is approximately equal to the rectangle contained 
by the base (h—d) and the mean of the two end ordinates and four 
times the central ordinate. This would, in general, be too rough an 
approximation to be of any practical use. Better results may be 
obtained by giving a larger value to n by making the substituted 
curve coincide with the true curve at a larger number of points), but if 
n be taken large enough to give a good result, the values of the constants 
would become very complicated. It is more usual, therefore, to 



188 


FOBMULIS OF »rUB INFINITESIMAL CALCULUS. [Chapter IX. 


subdivide the whole range of integration into comparatively short 
sections, and to add the results obtained by approximately integrating 
over each short section by a simple formula such as that given above. 

Thus, let the integral^ be represented by the area MABN 

in the annexed diagram. Suppose AB to be divided into 2n equal 



parts, and let the successive ordinates be denoted by yi, y 2 ?y 3 » • . . y 2 u+i* 
Then the area between the 1st and 3rd ordinates is approximately 

^ the area between the 3rd and 5th is approximately 


n u 


so on. 


Hence, approximately, 


z'* & J — Cl 

J — [(yi + dy2+y3) + (ys+dy^-fys) 4- . . . 

4- (y2»-i + dy2«4’y2»+i)] 

= ■ 0 “ ■ [yi 4 2(y3+y5 4* . • . 4-y2w~i) 

4-4(y24-y44'y64- • • • 4y2») 4'y2w+i] 

An analytical proof of this formula will be found, with other formulas 
of a similar nature, in the Text-BooJc, Part II, ch. xxiv. Arts. 49-56. 

37. The object of the second of the methods of approximate 
integration mentioned in Art. 35 is to establish a relation between the 
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Definite Integral and the Finite Sum + A) + • • 

For convenience, let Ux be written for Then 

h[Ua-{Ua + h+ . . . 4W6~;J 
= 7i[l+(l + A)'^+ . . . 

(where in accordance with the ordinary notation of the 

Calculus of Finite Differences) 


_ A[(l + A)&-®-l] __ 

- (1 + A)'*-1 






But (l-\-Ayhtx=Ux+h= (by Taylor’s Theorem) 
dux , d^Ux , 


d d^ \ 

21^-'^ " 7 


Hence 


(14-A?~1 


=K)' 


d li d“ Ji^ 

Th 2 d'h^ "6 51^ “ 

h 1i^ d d^ 

2 l2 “ 720 7*3 "^ ■ ■ ■ 


• h //3 d 


Ji Vf"\ " 

Shnilarly, -- + 


h* f/3 


(li-A)'‘-r“ l\daj 
hllCa-^Ua+h-^- * • • 


12 da 720 da"^ 


=^Kdh) 


I (Wb-Ua) + 12 ( 


^ duj) dt(/(;d\ 
12 I 6?^ da ) 


rd'^Ub d^Ua 

7^ V 7^ 7^3; 


Now, when h is indefinitely diminished, h[ua-{-Ua-\-h-\- . . . +w&~a] 
assumes the limiting value C Uxda\ and the third and subsequent 
terms on the right-hand side of the equation vanish, provided the series 
be convergent. Hence the symbolical expression ( tib — ( ^ 1 «a 
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ijinst be interpreted as denoting Uxdx, and the equation becomes 

h 


+ . . . «5_h] = J' Uxdx— I {tlb — tta) + 


^dub dua^ 

12 ~lhJ 

h* fd'hib dhta\ 

720 • • • 


or 


-li f dub dua\ 

^ llxdX'=^ll\ 1 (a-\'Ua+li~V . . • 4”W5 -;iJ 4- 2 — ^ ^ J 

h* /dhcb d^Ua\ 


If the lower limit be taken as 0, and the function vanish at the upper 
limit, then 

y .r n f m . 

J ^ Uxd(C=‘li\ti(^'^tih’\-'^f'ili'\‘ • • • ]~ 9 ^ 0 + 0 + • • • 


where u'q and ?^'"o denote the results of putting a:=0 in the first and 
third differential coefficients of tix* 

If h be put = ~ , then 
on 



y 1 , X 1 

Ujcdo^^ ~ {ui + . . . ) + “-2/0+ 

m mm Im 


12^2 




720m* 




A similar demonstration of the formula for the case in which 7^=1, and 
an alternative demonstration of the general formula, will be found in the 
TexUBooJc^ Part II. 

It will be noted that the validity of all the formulas depends on the 
assumption that 7<^[wa+^a+/t4' • • • -f can be expanded in a 

<ionvergent series in powers of A. 
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CHAPTEK X. 


Applications of the Calculus of Finite Differences and the 
Infinitesimal Calculus. 


1. For the purposes of tlie present chapter it will be convenient to 
follow the general arrangement of the earlier part of the book, and to 
take up in order such of the subjects therein discussed, as may, with 
advantage, be further investigated with the aid of Finite Differences or 
the Differential and Integral Calculus. 

2. In some problems in which interest is involved, either alone or in 
conjunction with some other factor such as mortalit}^ it is found 
convenient to deal with infinitely short intervals of time. The word 
continuous is used in this connection. Thus, an annuity payable by 
iniinitely small instalments at infinitely short intervals is called a 
continuous annuity, and a Conversion Table giving the Single Premium, 
or Premium per annum payable momently, corresponding to a given 
continuous annuity-value, is said to be constructed according to the 
Continuous Method. The nominal rate of interest, convertible 
momently, or force of interest^ corresponding to a given effective rate 
might, in a similar sense, be described as a continuous rate of interest. 
Although such conceptions as those of a Force of Interest or a 
Continuous Annuity do not admit of actual realization, approximations 
to them may be found in practical finance. Consider, for instance, the 
case of a company possessing large funds invested in numerous securities 
upon which the interest becomes due at various dates through the 
year, receiving income from various sources in daily instalments, and 
frequently making new investments. In such a case, the * income 
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taken as a whole approximates to a continuous varying annuity and, 
similarly, the fund as a whole may he regarded as accumulating 
continuously at a continuous varying rate of interest. 

The continuous method of analysis naturally suggests the use of the 
Infinitesimal Calculus. 

3. Suppose a unit of money to accumulate under the operation of a 
force of interest — this force not being necessarily constant. Let f{t) 
be the amount of the unit at the end of any time and let 8^ be the force 
of interest operating at that precise moment. Then the amount of the 
unit in years will be/(^4-^), and since 8^ is the nominal rate of 

interest per unit per annum convertible momently, or, in other words, 
the instantaneous rate of interest per unit per annum, at the precise 
moment under consideration, it follows that in the limit when 
A =:0 

y (if + ii) ^f{t) 4- hf{t) Si 


or 


8/=Lt7i=, 


f(t+h)- -f(t) 


Hence, if f(t) be a continuous function of t (in the sense defined in 
Chapter IX, Art. 7), 


f(t) dt dt 


. . ( 1 ) 


This result expresses the fact that if the amount of 1 in ^ years can 
be represented by a continuous function of t for all values of t within 
given limits, then the force of interest operating at any time t within 
these limits is equal to the differential coefficient of the Napierian 
logarithm of the function. 


In the form 8/: 


1 dm 


- relation may be deduced directly 

from the definitions of a force of interest and a differential coefficient. 


For, \if{t') be the amount of 1 in ^ years, then 


dm 

dt 


represents the 


instantaneous rate of increase of f(f) as the independent variable passes 
through the precise value t. Hence the force of interest St — which 
represents the instantaneous rate of increase of 'per unit — is equal to 

1 df{ty 

m' dt 

In general, St will be a continuous function of t. 
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4. Since = l and log^y(0=^ when ^=0, it follows from 

e([uation (1) that 

0 

whence (2) 

This equation expresses the fact that if the force of interest operating 
at any time t within given limits can be represented by a continuous 
function of t, say, then the amount of a unit in any time t within 

those limits will be 

Whether the rate of interest be constant or variable, the present 
value of 1 due ^ years hence is, on the ordinary assumptions of finance, 
the reciprocal of the amount of 1 in ^ years. Hence, the present value 
of 1 due t years hence will be given by the equation 

( 3 ) 

6. By means of formulas (2) and (3) the amount and present value 
of 1 may be accurately calculated in any case in which St is an integrable 
function of t. It will be convenient to take a few examples. 

(^) Let 8^ be a constant, S say. 

Then, since / Sdt=St, it follows that/’(^) = c^^ and — 

Also y’(l) = e^ and 

whence /(0 = [/(l)]^ and [/(0]"'=[/(l)]~‘- 

If /’(I), the amount of 1 in a year, be denoted by (l-f-e), the above 
results take the form f(t) = (1 (1 4-^*)“^ In fact, the 

general formulas reproduce, as they should of course do, the results 
obtained by ordinary algebraical methods for a uniform rate of interest. 

(6) Let 8^=8or^, where So and r are constants, 8© being the value of 
8^ when ^=0. Then, since 
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These results give the amount and present value of 1 under the 
operation of a force of interest commencing at So and continuously 
increasing or decreasing (according as r is greater or less than 1) in 
such a ratio that its values at successive equidistant times are in 
geometric progression. The corresponding effective rates of interest 
for successive years will be as follows : — 


1st year. . ./(I) — 1 or e W*’’ — 1 


2nd 



aor(r~l) 
e log.r 


3rd 


• •/(2) 


<jor2(r-l) 
e log.r 


and so on. 

(c) Let 8^=So— for all values of t up to and remain constant 
and =8n for all values of t greater than n. 

For values of t less than n 


At) 


0 ^ \ 


rt^ 




For values of t greater than the integration must be divided into 
two parts, since St is not represented by a single continuous function. 
Thus 


AO 


C ( 6 o — Tt)dt-\r f* Snd 


•ow- "5“ Ht- 


n)S» 


and, similarly, 


[/(0]-=« 


T7h^ 

-SqTI-] ;; 0 — 


Since 8o— = whence r= 
written in the form 


^0 


, the above results may be 




t>n [/(i5)]"'=« 

These formulas give the amount and present value of 1 under the 
operation of a force of interest commencing at 8o, decreasing by equal 
decrements in equal times to 8,,, and thereafter remaining constant. 

If ii, ^ 2 , ^ 3 , . . . be the corresponding effective rates of interest for 
the 1st, 2nd, 3rd, &c., years, and m be < w, then 
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1 — ^ ® 

/( ot - 2 ) 


— t; 


/(”0 

/(«»—!) 




whence l + / 2 =^ " ** " + and generally, if m be <;* 


l + ^*m — ^ ^ + 


that is, since e is independent of 

(1-f ?^„) = (1— where Z;=l — <5 

Tt appears, therefore, that the assumption that St is of the form 
(8o— r^) leads to a relation between the effective rates of successive 
years similar to that assumed in the second paragrajdi of Art. 33, Chap. I. 

Since r= ^ (S„-8„) = -log^(l - *), and 1 + », = e*“" 

= (I-— ^)Mo, it follows that the force of interest at any time t correspond- 
ing to the decreasing effective rates l + ^i, (1— A;) + &c., would be 

5o+i^log^(l — /t)j where So=loge(l-hn) — aiogeCl — ^)- 

As an example of the application of the formulas, let it be required 
to find the amounts of 1 in 10 and 40 years respectivelj^ on the 
assumption that the force of interest falls by equal decrements in 20 
years from the force corresponding to an effective rate of 3 per-cent to 
that corresponding to 2 per-cent, and thereafter remains constant. 

The amount of 1 in 10 years 

— — <ol05o — i\j(5o“"^2o)^ 

= (103)"^. (l-02)2i= 1*31153. 

The amount of 1 in 40 years 

-f(40-)z=ze^^^o-ho)+m,o=, (1-03)10. (l*02)3o 
=2-43432. 
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6. If the amount of 1 in ^ years be denoted, for all values of f from 
0 to by f(f), tlien 

^ ^ ^ • + /(1) 

= [/(!)]-•+ [/( 2 )]-+ . . . +[/(« 0 ]- 

w _ 1 /(«> 

*»t| — -S , ~ r 

"■ ^Kd 


^m\ — ^ ( ) • 

r=l \pJ J 


Hence, if p be made infinitely great, 


/urn 

(4) 


pm. 

and «m{= / (5) 

These definite integrals give, in general terms, the amount and present 
value of a continuous annuity of 1 per annum; but, in order that they 

pt 

may be exactly evaluated, [/(0]“* — (? ' — must be an 

integrable function of t. Their application may be illustrated by an 
investigation of the cases in which ht has the special values assigned to it 
in the examples of Art. 5. Since imi= fipi).dm\, it will be sufficient to 
consider the values dm\- 

(a) Let he a constant, 8 say. 

Then = 



a result which agrees, as it should do, with that obtained by ordinary 
algebra, on the assumption of a uniform rate of interest. 

(J) Let 8i=:V^- 

... (r*— 1^ 

Then 



and 



Art. 6.] 


TOESENT VALUE OF ANNUITY. 


197 


The definite integral thus obtained for cannot be evaluated in a 
finite form, but by expansion of the exponential and integration of the 
successive terms its value may be expressed in the infinite series 


eiogtv 

log^r 


^ log« r- 


log 




2 . 2 ! 


f 8« 1 

Ug.»V 3.3! 


or, if Je be written for — 


log.r’ 


-V Lt +W-^) + 23,(1-^) + jyjjd- 


■)+•••] 


In a practical case So might be the force of interest corresponding to 
«=:'035, and r might be =‘995, which would give ^=G‘S7 ; ~ =‘00501; 

tC 

Jce~^ _ 
and — ^ = *207. 

Oo 


It will be seen, tlierefore, that although the series 


given above is in all cases ultimately convergent the number of terms 
that would have to be calculated in any practical case would be so largo 
as to be prohibitive. It would be necessary, therefore, to employ 
some formula of approximate integration such as that given in Art. 36 
of Chap. IX — the range of integration being divided into sections 
selected in any given case with reference to the actual numerical value 
of m, 

(c) Let ht’=-^Q—rf for all values of t up to and remain constant, 
and =Sn foi* all greater values of t. 

Then, if m be < 




=x 


W _ g #_L Z— 

e 2 dt. 


The definite integral may be expressed in the ultimately convergent 
series 


x)--] 

where , but, in this case, as in that of the series obtained in (J), 

2r 

the number of terms to be calculated would, for practical values of So 
and r, be prohibitive. Hence, in this case also, it would be necessary to 
employ a formula of approximate integration. 



198 


APPLICATIONS OP THE CALCULUS. 


{Chapter 


If w be > n, then obviously 


^rnl 



A * ^.rn* 




and 




+(m- 


■w)a» /•» -«o«+ 

V ^ 

^ 0 


r«» 


dt -|“ 


g(m-n)3H-.X 

3;; • 


7. The foregoing investigations with reference to vary ing*> rates of 
interest might, of course, be extended to any problem in Compound 
Interest, but the subject is not of sufficient practical importance to call 
for further exemplification. In the remainder of the chapter the rate of 
interest involved in any given problem will be assumed to be constant. 

8 . The Calculus of Finite Differences may be conveniently employed, 
as stated in Chap. Ill, Art. 35 , to obtain general formulas for the 
amount and present value of a varying annuity. 

Let 1^1, W3 . . • 'Un be the successive payments of a varying annuity 
payable annually for n years. It may be assumed, without loss of 
generality, that , Un are the first n terms of the series 

U\^ u>2 , . » Ufi'i w^+2 • • • > where Wn+2> &c., follow the same 

law of formation as Ui, U2 > » • Un* Then with the ordinary notation of 
Finite Differences 


= " • t::^ r+ — 7 i:a— “ ‘ 

1 /, A A 2 \ 

= 7(1+7 + -^+ ••• j(«i— 1) 


Hence, if (va)^ and (vs),^ denote the present value and amount of the 
given annuity, 


. Wi— A m,— ®«A?^„+ i 

(v«)„i= j + 


(6) 


. ^ X (l + «)"Ml — M„4., , (l + j)»>A», — Ah„ + , 

and Cv^),7]= : h • 


% 


-f . . . 


( 7 ) 
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If (vrt)« denote the present value of a varying 'perpetuity of which 
the successive payments are Wi, W 2 > • • • > i't follows from the foregoing 
investigation, since v'^ in that case vanishes, that 

, ^ Ui 

(v»).= j. + _+^+ ... 

Alternative expressions for (v«);;-l maybe obtained in the following way : 
By successive differentiation of 14*2? + ^^+^^®+ . • • 


dv'^ 1 ! 2 ! fjfi — ^ — 11 

Similarly, by successive differentiation oi 


since 


d __d v d 
di di dv 




dv' 


d^a, 


M — r| 


[ r 4- i ! »! — 1 ! "1 

+ ... + — 

i I ^ — — 1 1 _ 


Now 


= A)?^i 4 • • • + + • • . + + 

and the coelhcient of A^i in this expression is 






2 ! 


. . . + 


n—1 ! 

n—r—1 ! r ! 


Hence 


dazn 2 ;’’ + * d'^&zri 

. . . . ... ( 8 ) 


da— 


1 d’'a, 


■ ■ ■ 

...+c"A"-'a (9) 


These formulas may obviously he expressed in ordinary algebraical form 
by substitution of the values of &o., as obtained by differentiating 
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— &c., but the resulting expressions would be too complicated to 

i 

be of practical use except in the case of a varying annuity of which the 
successive payments form a rational algebraic series of a low order, so 
that all the differences after, say, the first or second vanish. In 
the case of such an annuity formula (9) might also be employed to 

obtain an approximate value by substituting for 




di 




their 


approximate values ^ ^2 (^n ^2 + 


9 . It has been implicitly assumed, in obtaining formulas (6) 

and (7). that Ui, ... follow some definite law. If this is 
not the case, and its differences can be calculated on the 
assumption that Tith differences vanish. In theory, therefore, the 
formulas are of general application. But the utility of these 
formulas, as of formulas (8) and (9), is practically limited to those 
cases in which the differences of the successive payments vanish after 
the first few orders, that is, to those cases in wliich xtt is a rational 
algebraic function of t of a low order. In other cases (uidess the series 
for could be summed algebraically, as, for example, in the case of 

an annuity of which the successive payments are in Geometric Progres- 
sion), it would be best to calculate the separate values of the payments 
and to add the results. Even if the higher differences of the payments 
were very small, it would not necessarily be safe to neglect them for the 
purpose of obtaining au approximate result, because the values of the 
expressions by which they have to be multiplied increase very rapidly. 

10. The following examples illustrate the application of the formulas 
of Art. 8 : — 

ia) Kequired the present value at rate i of an annuity of which the 
payments increase in arithmetic progression. Let p be the first payment, 
q the annual increment, and a the j)^6sent value of the first n 
payments. Here U\'=^p^ Awi = $', = a^d the higher 

differences vanish. Hence by formula (6) 


p^v'^{p’^nq) q — v^q ^,71— wy" 

^ + q 


Or by formula (8), since 
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a=pv9,n^-\- qv' 


,r_ . 

j ©1 t ip_ 


-P<^^-\rq 


a-^ — pv» 


P Q 

The present value of the jierpetuity is obviously'^. 4- 


The results have already been obtained by ordinary algebraical methods 
(Chap. Ill, Art. 28). 

(5) Kequired the present value at rate i of an ^?-year annuity of 
which the successive annual payments are 2^ 3^ . . . n^. 


Here t^^+i = (7i + l)3. 


l:^Un->r\=^ {p 4- 2)'"*— (w -f 1 )3=:3722-j- 9;2 -f- 7. 
+ 1 = 3 (^2_ ^,2) q. 0 (72 4- 2) . 


1 = 6 (71 -p 1 — Ti) = 6. 

Hence by formula (6) 

1 _ 4- 1 ) 7 (3^i2 4. 9,^ 4. 7) 12 - 6 (72 -f 2) 0 ( 1 -- 

4 1- 1 ' 

Or by formula (9), since A =7; A 222 i = 12 ; and A%=:6, 




(^a- 


(ii di'^ di^ 

(c) The first three payments of an 72-year annuity are 18, 28, 40. 
On the assumption that the rth payment is a rational algebraic function 
of t of the 2nd degree, find the present value of the annuity at rate t. 
Formula (9) gives at once 


= l^^n|4- 




2 r 22 , 7 ,— 7 ? 

i L ^ 


77(72 — 1)2''^ 


]■ 


To employ formula (6) it would be necessary to determine, in the first 
instance, 22 ^+ 1 , Aun+i, and A 222 ,,+,. This can readily be done; for 

72(72—1) 

Un+i = Ui + 7lAUj-h 2 ^ 

= 184- 1072 -b 72 (72 — 1) = 722 4- 972 4- 18 

A22m+1 — ^W+2 22,i4.1~272 4" 19 

A^22w+1=^ A72m+ 2 — AM|t+i = 2 
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Hence 


18 — 10—(2n-\‘10)v'^ 2(1— v**) 

; 1 ^ 


11. If B denote the present value at rate i of any series of annual 
payments, Wi, and (IB) denote the present value at the 

same rate of the series Wi, 2^2? . nun^ then the value of (IB) can 

be very simply deduced from that of B by means of the Differential 
Calculus. 

^ . d 

For, since t = ~ — » 

di dv 


dl^ c ^ f o » 

•^r + 

= — . . . -\-nunV^^^} 

=:-lJ.(IB). 

Hence (IB) = -(l + 0-J (10) 

For example, since the successive payments of the ordinary increasing 
annuity are 1, 2, 3 . . . 

_ ,1 , + + 

— — (!. + «; j 


and 



1 

/i i ^ jS 


as in Chap. Ill, Art. 29. 

12. In the case of a continuous series of payments, if B denote the 

y r%n 

vhltdt and (IB) that of / v^tutdt^ then, as in the case 
0 ^0 

of the annuity payable annually, since 

dv^ ^dv* . 

di dv 


{IB) = 


-(1-tO 


dB 

di 
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or, since 

d dh d 1 d 

di di dh 1 4- 1 dh ’ 

f m 

in which form the relation might have been deduced directly from the 
definite integrals for li and (IB), since 

As an example of the a 2 )plication of formula (11), let it be required 
to find, on the assumption of a uniform distribution of deaths, the value 
at the beginning of the year of death of the proportion payable at the 
moment of death under a complete annuit}'’. 




as in Text-Book, Part II, Chap. XI, Art. 5. 

This result could, of course, have been obtained dii’ectly by integration 
by j)arts. 

13. It has been shown in Arts. 6-11, of Chap. VI. that a good 
approximation to the rate of interest corresponding to a given value of 
an annuity or redeemable security may be obtained by substituting i' + p 
for i in the algebraical expression for the value of the annuity or 
security — where i' is a rate which very nearly gives the requisite value — 
expanding in powers of p, and taking the first or second approximation 
to the value of p. The method may be developed more simply and 
generally by the use of the Differential Calculus. 

For let u be the given value of any function of an unknown rate of 
interest i ; and suppose that it has been found by trial (or by reference 
to the Tables, if the function is one of which the values have been 
tabulated for various values of i) that at rate i' the value of the function 
is id — a value differing from u hj a. small quantity only — and let 
e'rr^'-Pp, so that the given function is a function of ^'-fp. Then by 
Taylor’s Theorem, 

, du' p2 d^ii' 

'+p 


The required value, being = / tv^dty 

J 0 


d 1-^-5 




82 


-8 ^~8 
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Asa general rule, the sticcessive terms in the expansion decrease with 
considerable rapidity, so that a fairly close approximation to p may he 

obtained by neglecting all terms after the second, whence p=: ^^^ 7- and 


di' 


^ approximately. Formula (2) of Chap. VI, and the 

corresponding formula (on page 110) for the redeemable security, may 
of course be deduced from this result by differentiating a', 7] and 


K') respectively. But a more practical method of applying 
the result is to substitute for “^its approximate value 

Ctl 


This leads to the convenient formula 


, u — ti: 

i:=:i -\-h r— - • v '~ 




( 12 ) 


A closer approximation could be obtained by retaining the term in p^, 
and substituting x pj for ^ , where pi is the tirst a2:)proximation 

to the value of p. 


whence 


Since 


i=/'4- 


dll' I (/V* 

7/7 '*'2'’' 7i'^ 

~2u' approximately 

fr 


this gives 




1 , 




'' U^'+h^yZ'-h^ ^ J 


. (13). 


Formula (12) is, in effect, a first difference interpolation formula, 
although obtained by an indirect method. For it may be written in the 

form which merely gives expression to the approxi- 

mately correct assumption — for comparatively small differences of i — 
that the difference between the values of u corresponding to the rates 
i and f'tbears the same proportion to the difference between the values 
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corresponding to the rates i' -f h and i'— A as the difference between i and i' 
bears to that betvreen 4- A and i —Ti, This is an obvious generalisation 
of the method of first-difference interpolation employed in Arts. 13-17 of 
Chap. VI. It will be usef ul to consider in the following articles some 
further practical applications of the method of interpolation to the 
problem of approximating to an unknown rate of interest. 

14. The general theory of interpolation may be illustrated by the 
annexed diagram, in which P_ 2 N_ 2 j represent the values 

of a continuous function corresponding to the values ON-i, <fec., 

of the variable, and PN represents an unknown value corresponding to 
a given value ON of the variable : 



The ordinary method of 6rst-difference interpolation, as exemplified in 
Arts. 13-17 of Chap. VI, gives as an approximation to the required 
interpolated value — P'N, where P' is the point in which the ordinate at 
N cuts the straight line joining P© to Pi. But, unless the function 
presents singularities in the neighbourhood of P (which will not be the 
case with functions of the class under consideration in this book), it is 
clear that a better approximation will be obtained by taking the ordinate 
at N of a curve drawn through the points Pq, Pi, and one or more of the 
points P>.i P 2 , &e. This curve will not coincide exactly with the curve 
representing the function — unless the latter is a rational algebraical 
function of a lower degree than n, where the curve is drawn through n 
points — but it niay be expected to depart comparatively little from it 
throughout the range between the two end points. For all practical 
purposes it is sufficient to draw the curve through three — or at the most 
four — points in the immediate neighbourhood of P; if (as in the 
diagram) N lies between No and Ni and is nearer to N®, the best points 
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to select will obviously be , Po, Pi , and (if a fourth point be taken) P 2 . 

For the purpose of determining the approximate rate at which a 
compound interest function has a given value w, the method may be 
applied either directly by making i the ordinate of the curve and ic the 
abscissa — that is, by regarding i as a function of u — or indirectly b}’' 
making u the ordinate and i the abscissa — that is by regarding as a 
function of i. 

% 

16. Consider, first, the direct application of the method, and suppose 
that it is required to obtain an interpolated value of i from three given 
values of the function, viz., from the values vq and Ui corresponding 
to rates , /q, and ii . The general equation to the curve drawn through 
three points is an algebraical function of the second degree. It may be 
assumed therefore, that ^ 

and the values of A, B, and C will be determined by the given values 

io=A4' B//o-f 
t\ — A “f* Bwi-j- 

The elimination of A, B, and C from these equations lends to the result 


«o)(«-l— «l) — «-l) '(«l — W-l) («! — "()) 

If the given values of the function were equi-different — that is, if 
were =wi— Wo—this result would reduce to the ordinary second 
central difference formula for i in terms of u. But it is not usual to 
tabulate the values of i corresponding to given values of compound 
interest functions. In practice, the values of ic will be tabulated (or 
will be able to be readily calculated from the tabulated values of simpler 
functions) for given values of i, so that the available data will be the 
values Uq, U\ corresponding to the consecutive equi-different rates of 
interest In these circumstances the expression for i will 

be found, on substitution of and for i^i and ii^ respectively, 
and on simplification, to take the form 






(14) 


*^The corresponding general formula, based on n given values, is known as 
Lagrange’s Interpolation formula, and can be deduced at once (when its form is 
known) by assuming that i == 2 A, (it - ui) . . . {u-Ur-i) (u-Ur+i) . . . {u-Un) and 
putting it=wo, Wi, &c., successively to determine the constants.— See Text Book, 
Part II, p 438. 
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10 . ' Consider next the indirect application of the method, and 
suppose that the data are the values i 4 _i, Wq, «i, t /2 corresponding to 
the rates + and 8o+2A. It might be assumed that 

(or A+Bi + Ci^, if only three values are used), and 
the constants could be determined as in the preceding Article. But, as 
the rates ia—h, io» <S:c., are equi-different it will be simpler to use Finite 
Differences. 

Let i (the interpolated rate to be found) =/o-f p. Suppose that an 
interpolation based on the three values is required. Then 

differences above the second must be neglected, and with the notation of 
ordinary central differences 

_ , p ho 


Hence as a first approximation p—h 


U—ilo 

cio 


, and 




U — Uo 
ao 


(15) 


and, as a second approximation (obtained by substitution of h 
in tlie central difference formula) 


u—t/o 


for 


— r- 

f'o . Oo 
r 

u — tio 2(/o 


(16) 


It will be readily seen that Formulas (15) and (16) are identical with 
Formula (12) and (13). 

For an interpolation based on the values — Z 4 _i, ^ 2 — it will 

be more convenient to use central differences relative to the interval 
between Uq and Ui, instead of to w©. If ao? yo, denote the successive 

differences, so that ao=A^^o; /^o= ’ and 70 = then, 

since differences above the third must be neglected 





1 \p^ 1 p^ 


This gives, as a first approximation, 


iz=.jQ-{-h 


U—tlQ 

^0 — 


. . (17) 
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and as a second (if -yo — which will always be relatively insignificant — be 
neglected). 








Po 


(18) 


U-Uo 2(ao— ^/3o) 

It may be observed that the formulas of this Article have been obtained 
on the assumption that the given value u is between Hq (the* nearest 
tabulated or calculated value) and Wi, whereas it may, in practice, be 
found to be between Uq and u-i. The argument, however, holds equally 
whether li is positive or negative, so that the formulas may be applied to 
a case in which u is between t/o and u-i by merely reversing the order of 
the w’s. 


17. For purposes of illustration and comparison, it will be useful to 
apply the formulas of the preceding Articles to the annuity and redeem- 
able security taken as examples in Chap. V''!. 

(a) In the case of the annuity the given value is =*05. The 

^ 80 | 

nearest value to this in Table V is the 3 per-cent value — '051019 — and 
as in this Table the values are only given for differences of one-half per- 
cent in the rate of interest above 2^ per-cent, the best available values 
for interpolation are the 3|, 3, 2^ and 2 per-cent values — taken in this 
order, because the given value is between the 3 and per-cent values. 
The successive values and their differences are as follows*. 


i 


A2 

•035 

a 

•054371 


•03 

- 003352 

•051019 

•000111 

•025 

-•003241 

•047778 

•000113 

•02 

-003128 

•044650 



Here ^=— 005; w='05; t^o=*051019 

«„= 5 A(«_, +«o) = --0032965 ; J„=A2w_, = -000111 
ao= Awo= - '003241 ; ^o= + ^o) = '000112 


Hence by formula (12) or (15) 


*=•03 


•001019 

•006593 


X *01 = 028454 
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It will be seen that formulas (13) and (18) give the rate correctly to 
the sixth place of decimals, and that the two simpler formulas — (12) and 
(17) — give results differing from the true rate by less than *00001 — that 
is, by less than one farthing in the rate per-cent. The latter are, there- 
fore, sufficiently accurate for any practical purpose. Formula (12) is the 
more convenient, as it involves three values only. 

(b) In the case of the 4|- per-cent debenture redeemable in 25 years at 
112|, the given value is 120, and the values of the debenture calculated 
at 1|, If, 2 and 2f per-cent half-yearly from the expression 
112|7;^® + 2ffl!^i are, with their successive differences, as follows : 


i ^ 

A 

A 

A2 

■015 

132*187 

10*366 


■0175 

121*821 


1*045 


— 

9*321 


■02 

112*500 


*930 


— 

8*391 


■0225 

104109 




Here ^= 0025; w=120; wo=121-821 
-9*8435; Z^o=l*045 
- 9*321; j3o- 9875 
Hence by formula (12) 

1 ’821 

i=-0175-i-^^x-01^‘01796S 
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By formula (13) or (16) 

.•=■0176 + 0025 

1-821 19-687 

and by formula (18) 

*= -0175 + -0025 =-01/968. 

1-821 19-6295 

The last of these approximations is correct to the sixth place, but 
formula (12) again gives an error of less than one farthing in the annual 
rate per-cent. 

It may be noted, however, that the example is one that is rather 
favourable for the application of an ordinary central difference formula, 
because the true rate differs comparatively little from the central rate of 
the three on which the interpolation is based. If the true rate had been 
•01875 — to take an extreme case — formula (12) would have given 
*018715, which involves an error of nearly 2(L in the annual rate per-cent. 
In this case formula (18) — which is well adapted to a rate about midway 
between two consecutive values — gives 018749. 



Tablk I. 


Amount of l; viz.^ (1+^)”. 


n 

1% 

ii% 

ii% 

ii% 

2% 


n 

I 

1*01000 

I *01250 

I 01500 

1*01750 

I 02000 

I *02250 

I 

2 

I ‘02010 

I *02516 

I *03023 

1-03531 

1 04040 

1*04551 

2 

3 

I *03030 

1*03797 

I *04568 

I *05342 

1*06121 

I *06903 

3 

4 

I *04060 

1-05095 

1*06136 

1*07186 

I *08243 

I *09308 

4 

5 

1*05101 

I *06408 

1 *07728 

I *09062 

1*10408 

1*11768 

5 

6 

I *06152 

1*07738 

I 09344 

I *10970 

I *12616 

I *14283 

6 

7 

1*07214 

1 *09085 

1*10984 

1*12912 

1*14869 

1*16854 

7 

8 

I *08286 

I *10449 

I *12649 

I *14888 

1*17166 

1*19483 

8 

9 

I 09369 

1*11829 

•I 14339 

1*16899 

1-19509 

I *22171 

9 

lO 

I *10462 

1*13227 

I *16054 

I *18944 

I *21899 

I *24920 

10 

II 

1*11567 

1*14642 

1-17795 

1*21026 

1*24337 

1*27731 

II 

12 

I -12683 

1*16075 

1*19562 

1*23144 

I *26824 

1 *30605 

12 

13 

1*13809 

I *17526 

1*21355 

1*25299 

1*29361 

I *33544 

13 

14 

1*14947 

1-18995 

I *23176 

I *27492 

1*31948 

I -36548 

14 

15 

1*16097 

I *20483 

1*25023 

1*29723 

1-345*^7 

1*39621 

15 

i6 

1*17258 

1*21989 

I *26899 

1-31993 

1-37279 

I *42762 

16 

17 

1-18430 

I '23514 

I 28802 

I '34303 

I *40024 

I -45974 

17 

i8 

1-19615 

1*25058 

1-30734 

1-36653 

1 *42825 

1 *49259 

18 

19 

I -20811 

1*26621 

1*32695 

I -39045 

I *45681 

I *52617 

19 

20 

I *22019 

1*28204 

I ‘34686 

1*41478 

1 -4S595 

1*56051 

20 

21 

I *23239 

I ‘29806 

1*36706 

I -43954 

1-51567 

1-59562 

21 

22 

1*24472 

1*31429 

1-38756 

I *46473 

1 -54598 

1-63152 

23 

23 

1*25716 

1*33072 

I *40838 

I *49036 

1*57690 

I *66823 

23 

24 

1-26973 

1-34735 

1 *42950 

1*51644 

1 *60844 

1*70577 

24 

. 25 

1*28243 

1*36419 

1*45095 

1*54298 

1 *64061 

1-74415 

25 

26 

I *29526 

1-38125 

1*47271 

I *56908 

1*67342 

1-78339 

26 

27 

1*30821 

1 * 39^51 

I *49480 

1-59746 

1*70689 

I *82352 

27 

28 

1*32129 

1*41599 

1*51722 

I *62541 

I *74102 

1 *86454 

28 

29 

1 ‘33450 

1-43369 

1-5399S 

I *65386 

1-77584 

I 90650 

29 

30 

i' 347«5 

1*45161 

I -56308 

1*68280 

1*81136 

I 94939 

30 

31 

1-36133 

I *46976 

1 58653 

1*71225 

I -84759 

1*99325 

31 

32 

• -37494 

1*48813 

1*61032 

I *74221 

I *88454 

2*03810 

32 

33 

1*38869 

1-50673 

I *63448 

1*77270 

I *92223 

2*08396 

33 

34 

1*40258 

1-52557 

I *65900 

I -80372 

I '96068 

2*13085 

34 

35 

1*41660 

1*54464 

1*68388 

1-83529 

I *99989 

2*17879 

35 

36 

1*43077 

1-56394 

1-70914 

1*86741 

2*03989 

2*22782 

36 

37 

I '44508 

1-58349 

1-73478 

1 '90009 

2 *08069 

2*27794 

37 

38 

I '45953 

I '00329 

I -76080 

1*93334 

2*12230 

2*32920 

38 

39 

1*47412 

1*62333 

1*78721 

1-96717 

2*16474 

2*38160 

39 

40 

I -48886 

I *64362 

1-81402 

2-00160 

2 *20804 

2-43519 

! 40 

41 

1-50375 

1*66416 

1*84123 

2*03663 

2*25220 

2*48998 

41 

42 

1*51879 

I *68497 

1*86885 

2-07227 

2*29724 

2*54601 

42 

, 43 

, I ' 5339 ^ 

I *70603 

I *89688 

2*10853 

2-34319 

2*60329 

43 

44 

1*54932 

1-72735 

1-92533 

2*14543 

2*39005 

2*66186 

44 

45 

1*56481 

1-74895 

I *95421 

2*18298 

2-43785 

2*72176 

45 

46 

I *58046 

1*77081 

1-98353 

2 ‘ 22 II 8 

2*48661 

2*78300 

46 

47 

1*59626 

179294 

2*01328 

2-26005 

2-53634 

2*84561 

47 

48 

1*61223 

1-81535 

2*04348 

2*29960 

2*58707 

2 *90964 

48 

49 

1*62835 

1-83805 

2-07413 

2*33984 

2*63881 

2*97511 

49 

50 

I *64463 

I *861 02 

2*101524 

2*38079 

2*69159 

3*04205 

50 

60 

1*81670 

2*10718 

2*44322 

2*83182 

3-28103 

3*80013 

60 

70 

2-00676 

2*38590 

2-83546 

3*36829 

3*99956 

4-74714 

70 

80 

2*21672 

2*70149 

3 *29066 

4*00639 

4-87544 

5-93015 

80 

90 

2-44863 

3*05881 

3-81895 

4-76538 

5-94313 

7*40796 

90 

I GO 

2*70481 

3 '46340 

4-43205 

5 66816 

7*24465 

9 ' 2540 f? 

100 



Table I. 


Amount of i; viz ,, ( 1 +^’)”. 


n 

24% 

3% 

3 i% 

4% 

4 i% 

5 % 

n 

I 

I -02500 

1 *03000 

I -03500 

I -04000 

I *04500 

I 05000 

i 

2 

1*05063 

I *06090 

1*07123 

1*08160 

I *09203 

1*10250 

2 

3 

I *07689 

1*09273 

1*10872 

1*12486 

1*14117 

1-15763 

3 

4 

1-10381 

1*12551 

1*14752 

I *16986 

1*19252 

1-21551 

4 

5 

i’i 3 i 4 i 

1*15927 

1*18769 

I *21665 

1*24618 

I *27628 

5 

6 

1-15969 

1*19405 

1*22926 

1 *26532 

I *30226 

1*34010 

6 

7 

I *18869 

I *22987 

I *27228 

1*31593 

I *36086 

I *40710 

7 

8 

I *21840 

1*26677 

1*31681 

I -36657 

I -42210 

1*47746 * 

8 

9 

I *24886 

I '30477 

I *36290 

1*42331 

1*48610 

1*55133 

9 

10 

I -28008 

I *34392 

I -41060 

I -48024 

1*55297 

I *62889 

10 

II 

1*31209 

1-38423 

1*45997 

I '53945 

1*62285 

171034 

11 

12 

I *34489 

1*42576 

1*51107 

1*60103 

1*69588 

I -79586 

12 

13 

1-37851 

1 -46853 

1-56396 

I -66507 

1*77220 

1*88565 

13 

14 

1*41297 

1*51259 

1*6x869 

1*73168 

1 -85 194 

1*97993 

14 

15 

I *44830 

1-55797 

1-67535 

I *80094 

1 '93528 

2-07893 

15 

i6 

1-48451 

1-60471 

1*73399 

1*87298 

2*02237 

2*18287 

16 

17 

1*52162 

I *65285 

I -79468 

I -94790 

2-11338 

2-29202 

17 

i8 

1-55966 

1-70243 

1*85749 

2*02582 

2*20848 

2-40662 

18 

19 

1-59865 

1-75351 

I -92250 

2*10685 

2*30786 

2*52695 

19 

20 

I *63862 

I -8061 1 

I *98979 

2-I9II2 

2-41171 

2-65330 

20 

21 

1-67958 

I *86029 

2-05943 

2*27877 

2*52024 

2-78596 

21 

22 

1*72157 

I *91610 

2*13151 

2*36992 

2*63365 

2*92526 

22 

23 

1*76461 

1*97359 

2*20611 

2*46472 

2-75217 

3-07152 

23 

24 

1*80873 

2*03279 

2-28333 

2*56330 

2-87601 

3 * 22 SlO 

24 

25 

I '85394 

2*09378 

2*36324 

2*66584 

3*00543 

3-38635 

25 

26 

1 *90029 

2-15659 

2*44596 

2-77247 

3*14068 

3-55567 

26 

27 

I *94780 

2-22129 

2*53157 

2-88337 

3-28201 

3-73346 

27 

28 

I *99650 

2-28793 

2-62017 

2*99870 

3-42970 

3-92013 

28 

29 

2*04641 

2-35657 

2*71188 

3*11865 

3*58404 

4*11614 

29 

30 

2*09757 

2*42726 

2-80679 

3*24340 

3*74532 

4*32194 

30 

31 ' 

2*15001 

2*50008 

2-90503 

3*37313 

3*91386 

4-53804 

31 

32 

2*20376 

2-57508 

3 *0067 1 

3*50806 

4-08998 

4-76494 

32 

33 

2*25885 

2-65234 

3*11194 

3-64838 

4*27403 

5-00319 

33 

34 

2*31532 

^2-73191 

3*22086 

3-79432 

4*46636 

5-25335 

34 

35 

2-37321 

2*81386 

3*33359 

3-94609 

4-66735 

5-51602 

35 

36 

2*43254 

2-89828 

3*45027 

4-10393 

4*87738 

5-79182 

36 

37 

2*49335 

2*98523 

3*57103 

1 4*26809 

5 *09686 

6*08141 

37 

38 

2-55568 

3*07478 

3-69601 

4*43881 

5*32622 

6*38548 

38 

39 

2-61957 

3*16703 

3-82537 

4-61637 

5-56590 

6-70475 

39 

40 

2*68506 

3-26204 

3-95926 

4*80102 

5-81636 

7-03999 

40 

41 

2*75219 

3*35990 

4-09783 

4*99306 

6-07810 

■ 7-39199 

41 

42 

2*82100 

3-46070 

4*24126 

5*19278 

6-35162 

7-76159 

42 

43 

j 2*89152 

3*56452 

4-38970 

5*40050 

6-63744 

8*14967 

43 

44 

2*96381 

3*67145 

4'54334 

5*61652 

6*93612 

8-55715 

44 

45 

j 3*03790 

3-78160 

4-70236 

5*84118 

7*24825 

8*98501 

45 

46 

3*11385 

3*89504 

4*86694 

6-07482 

7*57442 

9*43426 

46 

47 

j 3*19170 

4-01190 

5*03728 

6*31782 

7*91527 

9*90597 

47 

48 

3*27149 

4*13225 

5*21359 

6*57053 

j 8*27146 

10*40127 

48 

49 

3*35328 

4*25622 

5*39606 

6*83335 

8-64367 

10*92133 

49 

50 

3*43711 

4*38391 

5*58493 

7*10668 

9*03264 

1 1 *46740 

50 

60 

4*39979 

5*89160 

7 *87809 

10*51963 

14*02741 

18-67919 

60 

70 

5*63210 

7*91782 

11*11283 

15*57162 

21*78414 

30*42643 

70 

80 

7*20957 

10*64089 

15*67574 

23*04980 

33*83010 

49*56144 

80 

90 

9*22886 

14*30047 

22*11218 

3411933 

52*53711 

80*73037 

90 

100 

11*81372 

19*21863 

31*19141 

50*50495 

81*58852 

131*50126 

100 
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Table 1 1. 


Present Value of i ; viz.^ v\ 


1 n 

1% 

ii% 

14% 

ii% 

2% 

2 i% 

n 

1 

•99010 

•98765 

•98522 

*98280 

•98039 

*97800 

I 

2 

•98030 

■97546 

•97066 

•96590 

•96117 

•95647 

2 

3 

•97059 

•96342 

•95632 

•94929 

•94232 

•93543 

3 

4 

•96098 

•95152 

•94218 

•93296 

•92385 

•91484 

4 

5 

■95147 

•93978 

•92826 

•91691 

*90573 

•89471 

5 

i 6 

•94205 

•92817 

•91454 

*90114 

•88797 

•87502 

6 

7 

•93272 

*91672 

*90103 

•88564 

•87056 

•85577 

7 

; 8 

•92348 

•90540 

•88771 

•87041 

•85349 

•83694 

8 

9 

•91434 

•89422 

•87459 

•85544 

•83676 

•81852 

9 

lO 

•90529 

•88318 

•86167 

•84073 

■82035 

•80051 

10 

II 

•89632 

•87228 

•84893 

•82627 

•80426 

•78290 

II 

12 

•88745 

‘86151 

•83639 

•81206 

•78849 

•76567 

12 

13 

•87866 

•85087 

•82403 

•79809 

•77303 

•74882 

13 

14 

•86996 

■84037 

•8118s 

•78436 

•75788 

*73234 

14 

15 

•86135 

■82999 

•79985 

•77087 

*74301 

•71623 

15 

i6 

•85282 

•81975 

•78803 

•75762 

•72845 

•70047 

16 1 

17 

•84438 

•80963 

•77639 

*74459 

•71416 

•68505 

17 

i8 

•83602 

•79963 

•76491 

•73178 

‘70016 

*66998 

18 

19 

•82774 

•78976 

•75361 

•71919 

*68643 

•65523 

19 

20 

•81954 

•78001 

•74247 

*70682 

•67297 

*64082 

20 

21 

•81143 

•77038 

•73150 

•69467 

•65978 

•62672 

21 

22 

•80340 

•76087 

•72069 

•68272 

•64684 

•61292 

22 

23 

•79544 

■75147 

•71004 

•67098 

•63416 

*59944 

23 

24 

•78757 

•74220 

•69954 

•65944 

•62172 

•58625 

24 

25 

•77977 

*73303 

•68921 

•64810 

•60953 

*57335 

25 

j 26 

•77205 

•72398 

•67902 

•63695 

•59758 

•56073 

26 

' 27 

•7O440 

•71505 

•66899 

•62599 

•58586 

•54839 

27 

28 

•75684 

•70622 

•65910 

•61523 

•57437 

•53632 

28 

29 

*74934 

•69750 

•64936 

■60465 

•56311 

•52452 

29 

30 

•74192 

•68889 

•63976 

■59425 

•55207 

•51298 

30 

! 31 

•73458 

•68038 

•63031 

•58403 

•54125 

*50169 

31 

32 

•72730 

•67198 

•62099 

•57398 

•53063 

•49065 

32 

33 

•72010 

•66369 

•61182 

•56411 

•52023 

•47986 

33 

34 

•71297 

•65549 

•60277 

•55441 

•51003 

•46930 

34 

35 

•70591 

•64740 

•59387 

•54487 

•50003 

•45897 

35 

36 

•69892 

•63941 

•58509 

•53550 

*49022 

•44887 

36 

37 

*69200 

'63152 

•57644 

•52629 

*48061 

•43899 

37 

38 

•68515 

•62372 

•56792 

•51724 

•471 19 

•42933 

38 

39 

•67837 

*61602 

•55953 

•50834 

'46195 

•41989 

39 

40 

•67165 

•60841 

•55126 

•49960 

•45289 

•41065 

40 

41 

*66500 

•60090 

•54312 

•49101 

•44401 

•40161 

41 

‘ 42 

•65842 

•59348 

•53509 

•482 1;6 

*43530 

•39277 

42 

43 

•65190 

•58616 

•52718 

•47426 

•42677 

•38413 

43 

44 

•64545 

•57892 

•51939 

•46611 

*41840 

•37568 

44 

45 

•63906 

•57177 

•51171 

•45809 

•41020 

•36741 

45 

46 

•63273 

•56471 

•50415 

•45021 

•40215 

•35932 

46 

; 47 

•62646 

•55774 

•49670 

•44247 

•39427 

•35142 

47 

48 

*62026 

•55086 

•48936 

•43486 

*38654 

•34369 

48 

: 49 

•61412 

•54406 

•48213 

•42738 

•37896 

•33612 

49 

50 

•60804 

*53734 

•47500 

•42003 

*37153 

•32873 

50 

> 60 

•55045 

•47457 

•40930 

•35313 

*30478 

•26315 

60 

70 

•49S31 

•41913 

•35268 

•29689 

•25003 

•21065 ! 

70 

80 

■45112 

•37017 

•30389 

•24960 

•205 1 1 

*16863 

80 

90 

•40839 

•32692 

•26185 

•20985 

•16826 

*13499, 

90 

j 100 

•36971 

*28873 

•22563 

•17642 

•13803 

•10806 

100 
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Table 1L 

Present Value of I : viz ., 


n 

2 i% 

3% 

3 i% 

4 % 

44% 

5% 

n 

I 

•97561 

•97087 

•96618 

•96154 

*95694 

•95238 

I 

2 

•95181 

*94260 

•93351 

•92456 

*91573 

•90703 

2 , 

3 

*92860 

•91514 

*90194 

•88900 

•87630 

•86384 

3 > 

4 

*90595 

•88849 

•87144 

*85480 

•83856 

•82270 

4 

5 

•88385 

•86261 

•84197 

•82193 

*80245 

•78353 

5 ' 

6 

•86230 

•83748 

•81350 

*79031 

•76790 

•74622 

6 

7 

•84127 

•81309 

•78599 

■75992 

■73483 

•71068 

^ 1 

8 

•82075 

•78941 

*75941 

•73069 

•70319 

*67684 

8 , 

9 

•80073 

•76642 

•73373 

•70259 

•67290 

•64461 

9 , 

10 

•78120 

•74409 

•70892 

•67556 

•64393 

•61391 

10 ' 

II 

•76214 

•72242 

•68495 

•64958 

*61620 

•58468 

11 ! 

12 

*74356 

•70138 

•66178 

•62460 

•5S966 

•55684 

12 

13 

•72542 

*68095 

•63940 

•60057 

•56427 

*53032 

13 

14 

•70773 

•66112 

•61778 

•57748 

*53997 

•50507 

14 

15 

•69047 

•64186 

•59689 

•55526 

*51672 

•48102 

15 

i6 

•67362 

*62317 

•57671 

*53391 

*49447 

•45811 

16 

17 

•65720 

*60502 

•55720 

*51337 

•47318 

•43630 

17 

i8 

•64117 

•58739 

•53836 

•49363 

•45280 

*41552 

18 

19 

*62553 

*57029 

*52016 

•47464 

*43330 

•39573 

19 

20 

•61027 

•55368 

•50257 

•45639 

•41464 

•37689 

20 

21 

*59539 

•53755 

•48557 

•43883 

•39679 

•35894 

21 

22 

•58086 

■52189 

•46915 

•42196 

•37970 

•34185 

22 

23 

•56670 

•50669 

‘45329 

*40573 

•36335 

•32557 

23 1 

24 

■55288 

•49193 

•43796 

•39012 

*34770 

•31007 

24 

25 

*53939 

•47761 

■42315 

*37512 

•33273 

•29530 

25 , 

26 

•52623 

•46369 

•40884 

•36069 

•31840 

•28124 

26 

27 

•51340 

•45019 

•39501 

•34682 

•30469 

•26785 

27 

28 

•50088 

*43708 

*38165 

•33348 

•29157 

•25509 

28 

29 

•48866 

*42435 

*36875 

•32065 

•27902 

1 *24295 

29 

30 

•47674 

*41199 

•35628 

•30832 

•26700 

j *2313^ 

30 

, 31 

•46511 

*39999 

*34423 

•29646 

•25550 

•22036 

31 

32 

*45377 

•38834 

•33259 

•28506 

*24450 

•20987 

32 

33 

*44270 

•37703 

*32134 

•27409 

1 *23397 

•L9987 

33 

34 

*43191 

•36604 

*31048 

*26355 ! 

•22390 

•19035 

34 ’ 

35 

•42137 

•35538 

•29998 

*25342 

•21425 

*18129 

35 

36 

•41 109 

*34503 

*28983 

•24367 

•20503 

•17266 

36 

37 

•40107 

*33498 

•28003 

•23430 

‘19620 

•16444 

37 

3 ^ 

•39128 

•32523 

•27056 

•22529 

•1877s 

•15661 


39 

•3«i74 

*31575 

•26141 

•21662 

•17967 

•14915 

39 

40 

•37243 

•30656 

•25257 

•20829 

•17193 

•14205 

40 

41 

*36335 

•29763 

•24403 

•20028 

••6453 

•13528 

41 

42 

*35448 

•28896 

•23578 

•19257 

■I 5744 

•12884 

42 

43 

* 345^4 

•28054 

•22781 

•18517 

• 1 5066 

•12270 

43 

44 

*33740 

•27237 

*22010 

•17805 

•14417 

•11686 

44 

45 

*32917 

•26444 

•21266 

*17120 

•13796 

•11130 

45 

46 

*32115 

•25674 

•20547 

*16461 

•13202 

•10600 

46 

47 

*31331 

•24926 

•19852 

•15628 

*12634 

*10095 

47 

48 

•30567 

•24200 

•19181 

•15219 

•12090 

•09614 

48 

49 

•29822 

*23495 

•18532 

*14634 

•11569 

•09156 

49 

50 

•29094 

*22811 

•17905 

•14071 

•I 107 1 

•08720 

50 ; 

60 

•22728 

•16973 

•12693 

*09506 

•07129 

*05354 

60 

70 

*17755 

*12630 

*08999 

•06422 

*04590 

*03287 

70 

80 

•13870 

•09398 

*06379 

•04338 

•02956 

•02018 

80 

90 

•10836 

•06993 

•04522 

•02931 

•01903 

*01239 

90 

100 

***08465 

•05203 

•03206 

•01960 

*01226 

•00760 

100 




Table III. 


Amount of l per Annum: viz.^ 


n 1 

1% 



ii% 

2% 

2i% 

n 

I 

I *0000 

1*0000 

1*0000 

1*0000 

1*0000 

1*0000 

I 

2 

2*0100 

2*0125 

2*0150 

2*0175 

2*0200 

2*0225 

2 

3 

3-0301 

30377 

3*0452 

30528 

3*0604 

3*0680 

3 

4 

4*0604 

4 ' 07 S 6 

4*0909 

4*1062 

4*1216 

4 'i 37 o 

4 

5 

5*1010 

5*1266 

5 'IS 23 

5-1781 

5*2040 

5-2301 

5 

6 

6*1520 

6*1907 

6*2296 

6*2687 

6*3081 

6 3478 

6 

7 

7 ’ 2 I 35 

7 *2680 

7-3230 

7 ‘3784 

7 ’4343 

7*4906 

7 

8 

8 2857 

«-3589 

8*4328 

8-5075 

8*5830 

8*6592 

8 

9 

9 ' 36 SS 

94634 

9'5593 

9*6564 

97546 

9*8540 

9 

lO 

10*4622 

10*5817 

10*7027 

10*8254 

10*9497 

11*0757 

10 

II 

I I *5668 

I I 7139 

11*8633 

12*0148 

12*1687 

12*3249 

II 

12 

12*6825 

12*8604 

13*0412 

13*2251 

13*4121 

13*6022 

12 

13 

13*8093 

14*0211 

14*2368 

I 4'4565 

14*6803 

14*9083 

13 

14 

14*9474 

15*1964 

15*4504 

157095 

15*9739 

16-2437 

14 

15 

16 0969 

16*3863 

16*6821 

16*9844 

17*2934 

1 7 *6092 

15 

i6 

17*2579 

17*5912 

17*9324 

18*2817 

18-6393 

19*0054 

16 

17 

18*4304 

18*8111 

19*2014 

19*6016 

20*0121 

20*4330 

17 

i8 

19-6147 

20*0462 

20*4894 

20*9446 

21*4123 

21*8928 

18 

19 

20*8109 

21*2968 

21*7967 

22*3112 

22*8406 

23 ‘3853 

19 

20 

22*0190 

22*5630 

231237 

23*7016 

24*2974 

24*9115 

20 

21 

23*2392 

23-8450 

24 '4705 

25*1164 

257833 

26*4720 

21 

22 

24*4716 

25*1431 

25*8376 

26-5559 

27*2990 

28 0676 

22 

23 

25-7163 

26-4574 

27*2251 

28*0207 

28*8450 

29*6992 

23 

24 

26-9735 

27*7881 

28-6335 

29*5110 

30*4219 

3>’3674 

24 

25 

28*2432 

29-1354 

30*0630 

31*0275 

32*0303 

33 ’0732 

25 

26 

29-5256 

30*4996 

31*5140 

32*5704 

33 ‘6709 

34 '8 1 73 

26 

27 

30*8209 

31*8809 

32-9867 

34*1404 

35*3443 

36*6007 

27 

28 

32*1291 

33*2794 

34'48 i 5 

357379 

37*0512 

38*4242 

28 

29 

33 ’4504 

34*6954 

35 ■9987' 

37*3633 

38*7922 

40*2888 

29 

30 

347^49 

36*1291 

37'5387 

39-0172 

40*5681 

42*1953 

30 

31 

361327 

37*5807 


40*7000 

42 '3794 

44*1447 

31 

32 

37 ‘494 1 

39*0504 

40*6883 

42*4122 

44*2270 

46*1379 

32 

33 

38 *8690 

40*5386 

42*2986 

44*1544 

46*1116 

48*1760 

33 

34 

40*2577 

42*0453 

43*9331 

45*9271 

48-0338 

50*2600 

34 

35 

41 ‘6603 

43*5709 

45*5921 

47*7308 

49 9945 

52*3908 

35 

36 

43 0769 

45*1155 

47*2760 

49-5661 

51 '9944 

54*5696 

36 

37 

44*5076 

46*6794 

48-9851 

5«'4335 

54 ’o 343 

56*7974 

37 

3«5 

45*9527 

48*2629 

50-7199 

53'3336 

56-1149 

59*0754 

3 « 

39 

47*4123 

49*8662 

52-4807 

55 ’2670 

58-2372 

6 1 *4046 

39 

40 

48*8864 

51*4896 

54-2679 

57 ‘2341 

60*4020 

63 7862 

40 

41 

50*3752 

53*1332 

56*0819 

59 '2357 

62*6100 

66*2214 

41 

42 

51*8790 

54*7973 

57*9231 

61*2724 

64*8622 

687113 

42 

43 

53 ‘ 397 ^ 

56*4823 

59*7920 

63 '3446 

67 ’I 595 

71*2574 

43 

44 

5493^8 

58-1883 

61*6889 

65 ’4532 

69*5027 

73*8606 

44 

45 

56*4811 

59-9^57 

63*6142 

67 *5986 

71 *8927 

76*5225 

45 

46 

58*0459 

61*6646 

65*5684 

69 '7816 

74*3306 

79*2443 

46 

47 

59*6263 

634354 

67*5519 

72*0027 

76*8172 

82*0273 

47 

48 

61 *2226 

65*2284 

69*5652 

74*2628 

79*3535 

84*8729 

48 

49 

62*8348 

67 ’0437 

71*6087 

76*5624 

81*9400 

87-7825 

49 

50 

64*4032 

68-88i8 

73*6828 

78*9022 

^^ 4*5794 

90-7576 

50 

60 

81*6697 

88-5745 

96*2147 

104*6752 

1140515 

124-4504 

60 

70 

100*6763 

110*8720 

122*3638 

> 35 ‘3308 

1499779 

166-5396 

70 

80 

121*6715 

136*1188 

152*7109 

171-7938 

193*7720 

219*1176 

80 

90 

144-8633 

164*7050 

187*9299 

215*1646 

247*1567 

2847981 

90 

100 

170-4814 

197*0723 j 

228*8030 

266*7518 

312*2323 

366 * 84#5 

100 
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Table III. 

Amount of l per Annum: viz.^ s^. 


n 

2i% 

3% 

34% 

4% 

4i% 

5 % 

n 

I 

1*0000 

1*0000 

1*0000 

1*0000 

1*0000 

I *0000 

I 

2 

2*0250 

2*0300 

2*0350 

2*0400 

2*0450 

2*0500 

2 

3 

3-0756 

3*0909 

3*1062 

3*i2i6 

3-1370 

3*’525 

3 

4 

4-1525 

4 *i «36 

4*2149 

4*2465 

4*2782 

4*3101 

4 

5 

5 '2563 

5*3091 

5-3625 

5-4163 

5-4707 

5-5256 

5 

6 

6-3877 

6*4684 

6-5502 

6*6330 

6*7169 

6*8019 

6 

7 

7-5474 

7*6625 

7-7794 

7 * 89«3 

8*0192 

8*1420 

7 

8 

8-7361 

8*8923 

9*0517 

9*2142 

9*3800 

9*5491 

8 

9 

9-9545 

10*1591 

10*3685 

10*5828 

10*8021 

1 1 0266 

" 9 

lo 

11*2034 

11-4639 

11*7314 

12*0061 

12*2882 

12-5779 

10 

II 

12-4835 

12*8078 

13*1420 

13*4864 

13*8412 

14*2068 

II 

12 

13-7956 

14*1920 

14*6020 

15*0258 

15*4640 

15-9171 

12 

13 

15-1404 

15*6178 

16*1130 

16*6268 

17*1599 

17-7130 

13 

14 

i6*i;iqo 

17*0863 

17*6770 

18*2919 

18*9321 

19-5986 

14 

15 

17*9319 

18*5989 

19-2957 

20*0236 

20*7841 

21*5786 

IS 

i6 

19*3802 

20*1569 

20*9710 

21*8245 

22*7193 

23-6575 

16 

17 

20*8647 

21 *7616 

22*7050 

23*6975 

24*7417 

25*8404 

17 

i8 

22*3863 

23 ‘ 4 H 4 

24-4997 

25-6454 

26-8551 

28*1324 

18 

19 

23*9460 

25‘ll6q 

26*3572 

27 *6712 

29*0636 

30-5390 

19 

20 

25*5447 

26*8704 

28*2797 

29*7781 

31*3714 

33*0660 

20 

21 

27-1833 

28-6765 

30-2695 

31*9692 

33-7831 

35*7193 

21 

22 

28*8629 

30-5368 

32*3289 

34*2480 

36-3034 

38-5052 

22 

23 

30-5844 

32*4529 

34*4604 

36*6179 

3^*9370 

41*4305 

23 

24 

32*3490 

34*4265 

36*6665 

39*0826 

41*6^^92 

44*5020 

24 

25 

34-X578 

36-4593 

389499 

41*6459 

44-5652 

47*7271 

25 

26 

36*0117 

38-5530 

41*3131 

44*3117 

47-5706 

51*1135 

26 

27 

37-9120 

40*7096 

43*7591 

47*0842 

50*7113 

54*6691 

27 

2^. 

39-8598 

42*9309 

46*2906 

49-9676 

53*9933 

58*4026 

28 

29 

41-8563 

45-2189 

48*9108 

52-9663 

57*4230 

62*3227 

29 

30 

43-9027 

47-5754 

51-6227 

56-0849 

61*0071 

66*4388 

30 

31 

46 *0003 

50-0027 

54-4295 

59-3283 

64-7524 

70*7608 

31 

32 

48*1503 

52-5028 

57-3345 

627015 

68*6662 

75*2988 

32 

33 

50*3540 

55-0778 

60*3412 

66*2095 i 

72*7562 

80*0638 

33 

34 

52*6129 

57-7302 

63-4532 

69-8579 

77*0303 

85*0670 

34 

35 

54*9282 

60*4621 

66*6740 

73-6522 

8 1 *4966 

90*3203 

35 

36 

57*3014 

63-2759 

70*0076 

77-5983 

86*1640 

95-8363 

36 

37 

59*7339 

66*1742 

73*4579 

81*7022 

91*0413 

101*6281 

37 

38 

62*2273 

69*1594 

77*0289 

85-9703 

96*1382 

107*7095 

38 

39 

64*7830 

72*2342 

80*7249 

90*4091 

loi *4644 

114*0950 

39 

40 

67*4026 

75*4013 

84-5503 

950255 

107*0303 

120*7998 

40 

41 

70*0876 

78*6633 

88-5095 

99*8265 

112*8467 

127*8398 

41 

42 

72*8398 ' 

82*0232 

92-6074 

104*8196 

1 18*9248 

135*2318 

42 

43 

75*6608 

85-4839 

96 8486 

110*0124 

125*2764 

142*9933 

- 43 

44 

78-5523 

89 *0484 

101*2383 

115*4129 

131*913^^ 

151*1430 

44 

45 

81*5161 

92*7199 

105*7817 

121*0294 

138*8500 

1597002 

45 

46 

84*5540 

96-5015 

110*4840 

126 *8706 

146*0982 

168*6852 

46 

47 

87*6679 

100-3965 

115*3510 

132*9454 

153*6726 

178*1194 

47 

48 

90*8596 

104*4084 

120*3883 

139*2632 

161*5879 

188*0254 

48 

49 

94*1311 

108*5406 

125*6018 

145-8337 

169*8594 

198*4267 

49 

50 i 

97*4843 

112*7969 

130*9979 

152-6671 

178*5030 

209*3480 

50 

60 

135*9916 

163*0534 

196*5169 

237-9907 

289*4980 

353*5837 

60 

70 

185*2841 

230*5941 

288*9379 

364-2905 

461*8697 

588-5285 

70 

80 

248*3827 

321*3630 

419 3068 

551 -2450 

729*5577 

971*2288 

80 

90 

329*1542 

443 ‘ 34«9 

603 *2050 

827-9833 

1145*2690 

1594-6073 

90 

100 

4^2*5486 

607 *2877 

862*6117 

1237-6237 

’790*8560 

2610*0252 

100 




Table IV. 


Present Value of i per Annum : viz,, 


n 

1% 



ii% 

2% 

21% 

n 

I 

0*9901 

0-9877 

0*9852 

0*9828 

0 ‘9804 

0*9780 

1 

2 

1*9704 

1-9631 

I *9559 

I *9487 

I *9416 

1-9345 

2 

3 

2*9410 

2-9265 

2*9122 

2 *8980 

2*8839 

2 *8699 

3 

4 

3*9020 

3-8781 

3*8544 

3*8309 

3*8077 

3-7847 

4 

5 

4‘8534 

4*8178 

4*7826 

47479 

4*7135 

4-6795 

5 

6 

57955 

57460 

5-6972 

5*6490 

5*6014 

5-5545 

6 

7 

6*7282 

6*6627 

6*5982 

6*5346 

6*4720 

6*4102 

7 

8 

7-6517 

7-5681 

7 ‘4859 

7*4051 

7 3255 

7*2472 

8 

9 

8*5660 

8*4623 

8*3605 

8*2605 

8*1622 

8*0657 

9 

10 

9 ' 47 I 3 

93455 

9*2222 

9*1012 

8*9826 

8*8662 

10 

11 

10*3676 

10*2178 

10*0711 

9-9275 

9*7868 

9*6491 

II 

12 

11*2551 

1 1 *0793 

10*9075 

10*7395 

10*5753 

10*4148 

12 

13 

12*1337 

1 1 *9302 

11*7315 

11*5376 

11*3484 

1 1 *1636 

13 

14 

13*0037 

12*7706 

12*5434 

12*3220 

12*1062 

11-8959 

14 

15 

13-8651 

13*6005 

13 3432 

13*0929 

12-8493 

12*6122 

15 

16 

147179 

14*4203 

I 4 'I 3 I 3 

« 3'8505 

13-5777 

13-3126 

16 

17 

IS ’5623 

15*2299 

14*9076 

14*5951 

14-2919 

13-9977 

17 

18 

16-3983 

16*0295 

15*6726 

15*3269 

14-9920 

14-6677 

18 

19 

17*2260 

16*8193 

16*4262 

16*0461 

15*6785 

15-3229- 

19 

20 

18*0456 

17*5993 

17*1686 

16*7529 

16*3514 

15-9637 

20 

21 

18*8570 

18*3697 

17*9001 

17 "4475 

17*0112 

16-5904 

21 

22 

19*6604 

19*1306 

18*6208 

18*1303 

17*6580 

17*2034 

22 

23 

20*4558 

19*8820 

19*3309 

i 8 * 8 oi 2 

18*2922 

17*8028 

23 

24 

21*2434 

20*6242 

20*0304 

19*4607 

18-9139 

18*3890 

24 

25 

22*0232 

21 '3573 

20*7196 

20*1088 

19-5235 

18*9624 

25 

26 

22*7952 

22*0813 

21*3986 

20*7457 

20*1210 

19*5231 

26 

27 

23*5596 

22*7963 

22*0676 

21*3717 

20*7069 

20*0715 

27 

28 

24*3164 

23*5025 

22*7267 

21 *9870 

21*2813 

20*6078 

28 

29 

25*0658 

24*2000 

23*3761 

22*5916 

21*8444 

21*1323 

29 

30 

25*8077 

24*8889 

24*0158 

23*1858 

22*3965 

21-6453 

30 

31 

26*5423 

25*5693 

24*6461 

23*7699 

22*9377 

22*1470 

31 

32 

27 *2696 

26*2413 

25*2671 

24*3439 

23*4683 

22*6377 

32 

33 

27*9897 

26*9050 

25*8790 

24*9080 

23*9886 

23*1175 

33 

34 

28*7027 

27*5605 

26*4817 

25*4624 

24*4986 

23*5868 

34 

35 

29*4086 

28*2079 

27*0756 

26*0073 

24*9986 

24*0458 

35 

36 

30*1075 

28*8473 

27 *6607 

26*5428 

25*4888 

24*4947 

36 

37 

30*7995 

29*4788 

28*2371 

27 *0690 

25*9695 

24*9337 

37 

38 

31*4847 

30*1025 

28*8051 

27-5863 

26*4406 

25*3630 

38 

39 

32*1630 

307185 

29*3646 

28 *0946 

26*9026 

25*7829 

39 

40 

32*8347 

31*3269 

29*9158 

28-5942 

27*3555 

26*1935 

40 

41 

33*4997 

31*9278 

30*4590 

29*0852 

27*7995 

26*5951 

41 

42 

34*1581 

32*5213 

30*9941 

29*5678 

28*2348 

26*9879 

42 

43 

34-8100 

33*1075 

31*5212 

30*0421 

28*6616 

27*3720 

43 

44 

3 S‘ 45 SS 

33*6864 

32 *0406 

30*5082 

29*0800 

27*7477 

44 

45 

36*0945 

34*2582 

32*5523 

30*9663 

29*4902 

28*1151 

45 

46 

367272 

348229 

33*0565 

31*4165 

29*8923 

28*4744 

46 

47 

37*3537 

35*3806 

33*5532 

31*8589 

30*2866 

28*8259 

47 

48 

37*9740 

35*9315 

34*0426 

32*2938 

30*6731 

29*1695 

48 

49 

38*5881 

36*4755 

34*5247 

327212 

31*0521 

29*5057 

49 

SO 

39*1961 

37*0129 

34*9997 

33*1412 

31-4236 

29*8344 

50 

60 

44*9550 

42*0346 

39*3803 

36*9640 

34-7609 

32*7490 

60 

70 

50*1685 

46*4697 

43*1549 

401779 

37-4986 

35*0821 

70 

80 

54*8882 

50*3867 

46*4073 

42*8799 

39-7445 

36*9498 

80 

90 

59*1609 

53*8461 

49*2099 

45*1516 

41 -5869 

38*4449 

90 

, 100 

63*0289 

56*9013 

51*6247 

47*0615 

43-0984 

39 ' 64 i 7 * 

100 
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Table IV. 

Present Value of l per Annum: viz.^ 


n 

24% 

3% 

3 i% 

4% 

44% 

5 % 

n 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

50 

60 

70 

80 

90 

100 

0-9756 

I -9274 
2*8560 
3*7620 
4*6458 

5*5081 

6*3494 

7- 1701 
7*9709 

8- 7521 
9*5142 
10*2578 
10*9832 

I I *6909 

12-3814 

13*0550 

13*7122 

14*3534 

14*9789 

15*5892 

16*1845 

16*7654 

17*3321 

17*8850 

18*4244 

18*9506 

19*4640 

19*9649 

20*4535 

20*9303 

21*3954 

21*8492 

22*2919 

22*7238 

23*1452 

23*5563 

23*9573 

24*3486 

24*7303 

25*1028 

25*4661 

25*8206 

26*1664 

26*5038 

26*8330 

27*1542 

27*4675 

27*7732 

28*0714 

28*3623 

30*9087 

32*8979 

34*4518 

35*6658 

036*6141 

0*9709 

1*9135 

2*8286 

3*7171 

4*5797 

5*4172 

6*2303 

7*0197 

7*7861 

8*5302 

9*2526 

9*9540 

10*6350 

11*2961 

11*9379 

12*5611 

13*1661 

13*7535 

14*3238 

14*8775 

15*4150 

15*9369 

16*4436 

16*9355 

17*4131 

17*8768 

18*3270 

18*7641 

19*1885 

19*6004 

20*0004 

20*3888 

20*7658 

21*1318 

21*4872 

21*8323 

22*1672 

22*4925 

22*8082 

23*1148 

23*4124 

23*7014 

23*9819 

24*2543 

24*5187 

24*7754 

25*0247 

25*2667 

25*5017 

25*7298 

27*6756 

29*1234 

30*2008 

31*0024 

31 ’5989 

0*9662 

1-8997 

2*8016 

3*6731 

4*5151 

5*3286 

6*1145 

6*8740 

7*6077 

8*3166 

9*ooi6 

9*6633 

10*3027 

10*9205 

11*5174 

12*0941 

12*6513 

13*1897 

137098 

14*2124 

14*6980 

15*1671 

15*6204 

16*0584 

16*4815 

16*8904 

17*2854 

17*6670 

18-0358 

18*3920 

18-7363 

19*0689 

19*3902 

19*7007 

20*0007 

20*2905 

20*5705 

20*8411 

21*1025 

21*3551 

21*5991 

21- 8349 
22*0627 
22*2828 

22 - 4955 
22*7009 
22*8994 
23*0912 
23*2766 

23- 4556 

24- 9447 

26*0004 

26*7488 

27*2793 

27*6554 

0*9615 

I*8b6i 

2-7751 

3*6299 

4*4518 

5*2421 

6*0021 

6- 7327 

7- 4353 

8*1109 

8*7605 

9-3851 

9- 9856 

10- 5631 
11*1184 

11- 6523 

12*1657 

12*6593 

13*1339 

13*5903 

14*0292 

14*4511 

14*8568 

15*2470 

15*6221 

15*9828 

16*3296 

16*6631 

16*9837 

17*2920 

17*5885 

17*8736 

18*1476 

18*4112 

18*6646 

18*9083 

19*1426 

19*3679 

19*5845 

19*7928 

19*9931 

20*1856 

20*3708 

20*5488 

20*7200 

20*8847 

21*0429 

21*1951 

21-3415 

21*4822 

22*6235 

23*3945 

23*9154 

24*2673 

24*5050 

0*9569 

1*8727 

2*7490 

3*5875 

4*3900 

5*1579 

5*8927 

6*5959 

7*2688 

7*9127 

8*5289 

9*ii86 

9*6829 

10*2228 

10*7395 

1 1 *2340 

1 1 *7072 
12*1600 
12*5933 
13*0079 

13*4047 

13*7844 

14*1478 

14*4955 

14*8282 

15*1466 

15*4513 

15*7429 

16*0219 

16*2889 

16*5444 

16*7889 

17*0229 

17*2468 

17*4610 

17*6660 

17*8622 

18*0500 

18*2297 

18*4016 

18*5661 

18- 7235* 

18*8742 

19*0184 

I 9 ’I 563 

19*2884 

19*4147 

19- 5356 
19-6513 
19*7620 

20*6380 

21*2021 

21*5653 

21*7992 

21*9498 

0*9524 

1-8594 

2*7232 

3*5460 

4*3295 

5*0757 

5*7864 

6-4632 

7*1078 

7*7217 

8*3064 

8*8633 

9*3936 

9*8986 

10*3797 

10*8378 

11*2741 

1 1 *6896 
12*0853 
12*4622 

12*8212 

13*1630 

13*4886 

13*7986 

14*0939 

14*3752 

14*6430 

14*8981 

15*1411 

15*3725 

15*5928 

15*8027 

16*0025 

16*1929 

16*3742 

16*5469 

16*7113 

16-8679 

17*0170 

17*1591 

17*2944 

17*4232 

17*5459 

17*6628 

17*7741 

17*8801 

17*9810 

18*0772 

18*1687 

18*2559 

18*9293 

19*3427 

19*5965 

19*7523 

19*8479 

1 

2 

3 

4 

5 

6 

7 

8. 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 
87 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

50 

60 

70 

80 

90 

100 




Table V. 

Annuity that i will purchase : viz.y ( 


21 & 


n 

1% 

ii% 

14% 

iS% 

2% 

10 

n 

1 

I *010000 

1*012500 

I *01 5000 

1*017500 

I *020000 

I *022500 

I 

2 

0*507^12 

0*509394 

0*511278 

0*513163 

0*515050 

0*516938 

2 

3 

*340022 

•341701 

•343383 

•345067 

•34675s 

•348445 

3 

4 

*256281 

*257861 

•259445 

•261032 

*262624 

•264219 

4 

5 

•206040 

•207562 

*209089 

*210621 

•212158 

•213700 

5 

6 

•172548 

•174034 

*175525 

•177023 

*178526 

•180035 

6 

7 

•148628 

•iqooSg 

•151556 

•153031 

*154512 

•156000 

7 

8 

•130690 

•132133 

•133584 

•135043 

*136510 

•137985 

8 

9 

*116740 

•118171 

*119610 

*121058 

*122515 

•123982 

9 

lO 

*105582 

•107003 

•108434 

•10987s 

*111327 

*112788 

10 

II 

*096454 

*097868 

*099294 

*100730 

*102178 

•103637 

II 

12 

*088849 

*0902 58 

*091680 

*093114 

•094560 

•09601 7 

12 

13 

•082415 

*083821 

*085240 

•086673 

*088118 

•089577 

13 

14 

*076901 

•078305 

•079723 

•081156 

•0S2602 

•084062 

14 

15 

*072124 

*073526 

•074944 

•076377 

•077825 

*079289 

15 

i6 

•06794s 

•069347 

•070765 

*072200 

*073650 

•075117 

16 

17 

•064258 

*065660 

*067080 

•068516 

•069970 

•071440 

17 

i8 

•060982 

•062385 

*063806 

•065245 

•066702 

*068177 

18 

19 

•058052 

•059455 

•060878 

•062321 

•063782 

*065262 

19 

20 

•055415 

•056820 

*058246 

•059691 

•061157 

*062642 

20 

21 

•053031 

•054438 

•055865 

*057315 

•058785 

*060276 

21 

22 

*050864 

•052272 

*053703 

•055156 

*056631 

'058128 

22 

23 

*048886 

*050297 

*051731 

•053188 

•054668 

*056171 

23 

24 

*047073 

*048487 

*049924 

•051386 

•052871 

•054380 

24 

25 

*045407 

•046822 

•048263 

•049730 

•051220 

•052736 

25 

26 

•043S69 

*045287 

*046732 

•048203 

•049699 

*051221 

26 

27 

•042446 

•043867 

*045315 

•046791 

•048293 

•049822 

27 

28 

•04 1 1 24 

•042549 

*044001 

*045482 

•046990 

*048525 

28 

29 

*039895 

•041322 

•042779 

•044264 

•045778 

*047321 

29 

30 

•038748 

•040179 

•041639 

•043130 

•044650 

*046199 

30 

31 1 

*037676 

•039109 

*040574 

*042070 

•043596 

*045153 

31 

,32 

*036671 

•038108 

•039577 

•041078 

'0426 1 1 

•044174 

32 

33 

'035727 

•037168 

*038641 

*040148 

•041687 

•043257 : 

33 

34 

•034840 

•036284 

*037762 

•039274 

•040819 

•042397 

34 

35 

•034004 

•035451 

•036934 

•038451 

*040002 

•041587 

35 

36 

*033214 

•034665 

•036152 

•037675 

•039233 

*040825 

36 

37 

*032468 

•033923 

035414 

•036943 

•038507 

•040106 

37 

38 

*031761 

•033220 

•034716 

•036250 

•037821 

*039428 

38 

39 

*031092 

•032554 

*034055 

•035594 

•037 17 1 

•038785 

39 

40 

*030456 

•03 1 92 1 

•033427 

•034972 

•036556 

*038177 

40 

41 

*029851 

*031321 

*032831 

•034382 

•035972 

*037601 

41 

42 

*029276 

•030749 

•032264 

•033821 

•035417 

•037054 

42 

43 

*028727 

•030205 

*031725 

•033287 

*034890 

•036534 

43 

44 

•028204 

•029686 

•03 1 2 10 

•032778 

•034388 

•036039 

44 

45 

*027705 

*029190 

*030720 

•032293 

•033910 

•035568 

45 

46 

*027228 

*028717 

*030251 

•031830 

•033453 

•0351 19 

46 

47 

*026771 

*028264 

•029803 

•031388 

•033018 

; *034691 

47 

48 

*026334 

*027831 

*029375 

•030966 

•032602 

*034282 

48 

49 

•025915 

•027416 

•028965 

•030561 

*032204 

! *033892 

49 

50 

•025513 

*027018 

•028572 

*030174 

•031823 

•033518 

50 

6q 

•022244 

•023790 

•025393 

*027053 

•028768 

*030535 

60 

70 

•019933 

•021519 

•023172 

•024889 

•026668 

•028505 

70 

80 

•018219 

•019847 

*021548 

•023321 

•025161 

*027064 

80 

90 

•016903 

•018571 

•020321 

*022148 

•024046 

•026011 

90 

100 

*015866 

•017574 

'019371 

•021249 

*023203 

*025226 

• :oo 




Table V. 


Annuity that i will purchase : viz.^ ( a^ . 


71 

2i% 

3 % 

3 i% 

4 % 

44 % 

5 % 

n 

I 

I ’O25OOO 

I -030000 

I *035000 

I -040000 

I -045000 

I *050000 

1 

2 

0*518827 

0*522611 

0*526400 

0*530196 

<>■533998 

0-537805 

2 

3 

•350137 

•353530 

■356934 

•360349 

■363773 

•367209 

3 

4 

•265818 

*269027 

■272251 

•275490 

•278744 

•282012 

4 

5 

•215247 

■218355 

•221481 

•224627 

•227792 

■230975 

5 

6 

•181550 

*184598 

•187668 

•190762 

■193878 

•I97OI7 

6 

7 

•157495 

•160506 

■163544 

•I666IO 

•169701 

•172820 

7 

8 

•139467 

*142456 

•145477 

•148528 

•151610 

•154722 

8 

9 

■125457 

•128434 

•131446 

*134493 

■137574 

•140690 

9 

10 

•I 14259 

•II723I 

*120241 

*123291 

•126379 

•129505 

10 

II 

•105106 

•108077 

•II 1092 

*114149 

•117248 

•120389 

II 

12 

•097487 

•100462 

•103484 

•106552 

*109666 

•112825 

12 

13 

•091048 

•094030 

•097062 

*100144 

•103275 

•106456 

13 

14 

■085537 

•088526 

•091571 

•094669 

*097820 

•IOIO24 

14 

15 

•080766 

•083767 

•086825 

•089941 

*093114 

•096342 

15 

i6 

•076599 

•079611 

•082685 

•085820 

•089015 

•092270 

16 

17 

•072928 

•075953 

•079043 

*082199 

•085418 

*088699 

17 

i8 

•069670 

•072709 

•075817 

■078993 

*082237 

•085546 

18 

19 

•066761 

•069814 

*072940 

•076139 

•079407 

•082745 

19 

20 

*064147 

•067216 

•070361 

*073582 

•076876 

•080243 

20 

21 

*061787 

•064872 

•068037 

*071280 

•074601 

•077996 

21 

22 

•059647 

•062747 

•065932 

*069199 

•072546 

•075971 

22 

23 

•057696 

•060814 

•064019 

•067309 

•070682 

•074137 

23 

24 

*055913 

•059047 

•062273 

■065587 

•068987 

•072471 

24 

25 

•054276 

•057428 

•060674 

•064012 

•067439 

•070952 

25 

26 

-052769 

■055938 

•059205 

•062567 

•066021 

•069564 

26 

27 

*051377 

•054564 

•057852 

*061239 

•064719 

•068292 

27 

28 

•050088 

•053293 

•056603 

•060013 

•063521 

•067123 

28 

29 

*048891 

•0521 15 

•055445 

•058880 

•062415 

•066046 

29 

30 

•047778 

•O5IOI9 

•054371 

•057830 

•061392 

•065051 

30 

31 

•046739 

•049999 

•053372 

•056855 

•060443 

•064132 

31 

32 

*045768 

•049047 

•052442 

•055949 

•059563 

•063280 

32 

33 

•044859 

■048156 

•051572 

•055104 

•058745 

•062490 

33 

34 

•044007 

•047322 

•050760 

•054315 

*057982 

■06175s 

34 

35 

•043206 

•046539 

•049998 

'053577 

•057270 

•061072 

, 35 

36 

•042452 

•045804 

•049284 

•052887 

*056606 

•060434 

36 

37 

•041741 

•045112 

048613 

•052240 

'055984 

•059840 

37 

38 

•041070 

•044459 

•047982 

•051632 

•055402 

•059284 

38 

39 

•040436 

•043844 

•047388 

*051061 

•054856 

•058765 

39 

40 

•039836 

'043262 

•046827 

*050523 

*054343 

•058278 

40 

41 

•039268 

*042712 

•046298 

•050017 

•053862 

*057822 

41 

42 

•038729 

•042192 

•045798 

•049540 

*053409 

•057395 

42 

43 

•038217 

•041698 

*045325 

•049090 

•052982 

•056993 

43 

44 

•037730 

•041230 

•044878 

•048665 

•052581 

•056616 

44 

45 

•037268 

•040785 

•044453 

*048262 

1 *052202 

■056262 

45 

46 

•036827 

•040363 

•044051 

•047882 

'05I845 

1 ■055928 

46 

47 

*036407 

■039961 

•043669 

•047522 

! *051507 

•055614 

47 

48 

*036006 

•039578 

•043306 

•047181 

•051189 

•055318 

48 

49 

*035623 

*039213 

•042962 

*046857 

•050887 

•055040 

49 

50 

*035258 

•038865 

•042634 

•046550 

•050602 

•054777 

50 

60 

•032353 

•036133 

•040089 

•044202 

•048454 

•052828 

60 

70 

•030397 

*034337 

•038461 

•042745 

•047165 

•051699 

70 

80 

*029026 

•0331 12 

•037385 

•041814 

•046371 

•051030 

80 

90 

*028038 

•032256 

■036658 

*041208 

•045873 

•050627 

90 

1 100 ^ "W7312 

•031647 

■036159 

•040808 

*045558 

*050383 

100 




Table VI. 


Compound Interest Constants, 


i 

d 


.7(2) 

. 

7(4) 

8 

log 10 (I +i) 

•oioo 

•009901 

•990099 

•009975 

•009963 

•009950 

•0043214 

*0125 

•012346 

•987654 

•012461 

•012442 

•012422 

*0053950 

•0150 

•014778 

•985222 

•014944 

•014916 

•014889 

*0064660 

•0175 

•017199 

•982801 

•017424 

•017386 

•017349 

•0075344 

•0200 

•019608 

•980392 

•01 990 1 

*019852 

•019803 

•0086002 

•0225 

•022005 

•977995 

•022375 

•022312 

•022251 

•0096633 

•0250 

*024390 

•975610 

•024846 

•024769 

’024693 

•0107239 

•0300 

•029126 

•970S74 

•029778 

•029668 

•029559 

•0128372 

*0350 

•033816 

•966184 

•034699 

*034550 

*034401 

•0149403 

•0400 

•03S462 

•961538 

•039608 

•039414 

*039221 

•0170333 

•0450 

, *043062 

•956938 

•044505 

•044260 

*044017 

•0191163 

•0500 

•047619 

•952381 

•049390 

•049089 

•048790 

•0211893 


Table VII. 

Values of ~ for given Values of i and p. 

J(p) 


i 


Jt7 = 4 

7^ = 12 

p — co 

•OIOO 

I *00249 

I *00373 

I *00450 

I *00499 

•0125 

1*00311 

I *00466 

I *00566 

I *00624 

•0150 

1-00373 

I *00560 

1*00685 

I *00748 

•0175 

I -00436 

I *00653 

1*00797 

1*00873 

•0200 

I -00497 

I *00748 

1*00912 

I *00997 

•0225 

I -00560 

1*00841 

I *01024 

1*01121 

•0250 

I *00621 

1*00933 

1*01141 

1*01245 

•0300 

I *00744 

I -on 18 

1*01368 

1*01493 

*0350 

1 *00867 

1*01303 

1*01594 

1*01740 

•04C0 

1*00990 

I *01488 

1*01820 

1*01987 

•0450 

1*01113 

1*01672 

I *02046 

1*02233 

•0500 

! 1*01235 

1*01856 

1*02271 

I *02480 

I ^ 
















